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Chapter 1

Introduction

While set theory has proved its worth as a foundational logic for mathem-
atics, it has only been a partial success as a foundational logic for computer
science. The reason is primarily that recursive functions, some of the main
objects of study in computer science, are not easily modeled in set theory,
witness the elaborate constructions of domain theory.

Alonzo Church tried in the beginning of the 1930’s [Chu32, Chu33]
to construct a foundational logic for mathematics, that had functions as
the basic building blocks, rather than sets. Unfortunately, he never suc-
ceeded [KR35], although a byproduct of his efforts, the lambda calculus,
has proved to be a very handy tool in discussing and expressing functions.

After Godel’s death blow to Hilbert’s foundational program [G6d31],
interest steadily turned away from foundational logics and a plethora of
smaller (weaker) special-purpose logics have emerged instead. One of the
oldest is Higher Order Logic, the logic that was the immediate successor of
Church’s earlier efforts [Chu40].

In computer science today, Higher Order Logic is heavily used in formal
verification. Systems like PVS, HOL, and Isabelle/HOL, probably the cur-
rently three most widely used theorem provers, all have Higher Order Logic
as their foundation.

A key reason for the success of Higher Order Logic in verification of
software and, especially, hardware verification is that it has functions as the
object of study, albeit only total functions. In practice, however, this is not
a problem, since the functions implemented in software systems will always
be total anyway.

Where Higher Order Logic may fail to deliver, however, is not in mod-
eling the computer systems that we wish to verify, but in representing the
specifications that these systems must meet. In a nutshell, while any com-
puter program that we in fact sit down to verify can only approximate any
infinite structure, we might want to express the properties that should hold
using the infinite, non-constructive structures that the program is approx-



imating.

This, then has been the problem: One could either use set theory, which
was poor at modeling functions, but great at modeling specifications, or
Higher Order Logic, which is great at modeling programs, but may be to
restrictive on the specification side.

Map theory [Gru92] is a logic that has the strength of set theory and
has the lambda calculus as a syntactic sub theory. It was first published in
1992 by Klaus Grue, and is, in fact, a fulfillment of Church’s goal from then
1930’s. In theory, then, it should beat both set theory and Higher Order
Logic as a logic for verifying computer systems.

1.1 This Thesis

In 1999, when I started my Ph.D. studies, this was the thesis:

A proof system with map theory as its foundation will allow for
shorter and more intuitive proofs than present proof systems.

The task was clearcut: Implement a proof system to aid in proving theorems
in map theory, prove a lot of theorems with it, and compare them with proofs
in other logics. From work on my master’s thesis I was already familiar with
the generic theorem prover Isabelle, so the plan was to make a prototype
using this system.

In practice, however, the map theory of 1992 was very ill-suited for
implementing in a proof system. The reason was that one of the key lem-
mas (the Totality Lemma), allowing one to prove that a specific map was
well-founded, in a sense, had such a horrid formulation that it was effect-
ively unimplementable in higher order abstract syntax, the syntax used in
Isabelle. Further, trying to implement it using de Bruijn indexes [dB72]
proved equally doomed to fail.

In late 2001, a new version of map theory emerged [Gru01], which was
a vast improvement on the original version. This is the version that I have
based my dissertation work on. I have succeeded in formalizing the entire
article (roughly 150 pages of pure Hilbert-style proofs), including the de-
velopment of ZFC set theory within map theory, as well as a fair chunk of
elementary number theory.

The goal of the following presentation is to give the reader an insight
into how this formalization came to be. Since the main article [Gru01] has
plenty of very low-level proofs in map theory, I have decided to let the
following proofs be comparably high-level. Also, I skip any proofs that are
“standard”. For example, once I have presented my implementation of the
natural numbers and proved that the usual properties hold, I trust that
the reader will allow me not to write down, say, yet another development
of elementary number theory. Readers interested in the gory details can
always look in the source code of my system (see Chapter 8 for a reference).



The rest of dissertation is as follows:

Chapter 1 The next section will briefly tell about the syntactic conventions
used in the remaining presentation, and the rest of the chapter is an
introduction to map theory. The presentation is quite informal; The
intent is to give an intuitive understanding, or feel, for map theory.

Chapter 2 Is about how types are represented in map theory. It also
defines some of the basic types, as well as present some general proof
techniques.

Chapter 3 Concerns propositional and predicate logic. Primarily, time is
spent on how to formalize quantifiers for general types.

Chapter 4 Is a sketch of the ZFC formalization. Just the basic definitions
and an intuitive understanding of how ZFC sets are modeled in map
theory are given.

Chapter 5 Natural numbers are introduced. Also, basic properties of re-
cursive definitions is discussed.

Chapter 6 This presents the definition of typed pairs as well as typed lists.

Chapter 7 The non-negative rationals, the rationals, and finally the real
numbers are introduced.

Chapter 8 Gives an overview for the implementation in Isabelle.

Chapter 9 Concludes.

1.2 Syntactic Issues

Map theory is theory of functions, and we will use notation known from the
lambda calculus literature. To wit, our syntactic word is divided into terms
and variables. Variables will always be written with small letters, possibly
subscripted or primed: z, ps, t’. Terms will be denoted by capital letters,
again, also possibly subscripted or primed: A, F3, Z”. Further, we shall use
higher order abstract syntax [PE8S]. For example, the term

. A

denotes the abstraction of x over the term A where x does not occur free in
A. On the other hand, the term

M. Az



denotes the abstraction of x over a term, Ax that may depend on x. For
these higher order terms, we shall use scripted letters A, F, L, as well as
include the arguments in brackets. The term above will then be written

Az.A(z)

and we reserve the normal, capital letter A, for the first-order term. When
we want to talk about the higher order term as a function, without applying
it to a term, we shall just write A(-).

1.3 Map Theory

Map theory is first and foremost the classic, untyped lambda calculus ex-
tended so as to be strong enough to be comparable to ZFC set theory.
Syntactically, this means that the lambda calculus is a sub theory of map
theory, and we shall use the syntax of the lambda calculus, writing Az.A(z)
for the binding of z in A(x), and A‘B for the application of the term A to
the term B.

We note that all terms of the lambda calculus are also terms of map
theory, and we shall later see that they behave just as they always have. For
example, we have the following, prominent maps in map theory:

| 2 Az Identity
K & Azy.x K-combinator
y © M.z f(x'z)) (Az.f<(x‘x)) Fixed Point Operator
1o (Ax.z‘z) (A\z.x‘c) Bottom

In the literature of lambda calculus, one often finds the map we denote
by L denoted instead by 2. However, since the map in question best can
be thought of as either undefined or divergent, the map has been given a
slightly non-standard denotation. When talking about | in running text,
we shall call it “bottom” or “undefined”.

Like the lambda calculus, map theory is an equational theory. Hence,
judgments in map theory are of the form

A=B

where = is an equivalence relation, i.e., reflexive, symmetric, and transitive.
We also have the familiar rule

(Ax.A(x))'B = A(B) (B-reduction)



With this, we can prove

YA = (Af.(Az.fo(z'z)) (Ax.f'(z'x))) A
(A . AY(z'z)) (Az. Al (z‘x))

A(( Nz At (z'z)) (e A (z'x)))
Az fH (') (A f(2'))) A)
= AY(Y‘A)

as usual. As expected, we also have
‘A = A
KAB = A
for all terms A and B.
In general, whenever to terms are (-equivalent, they are also equal in

map theory. However, the converse cannot hold if we are to move beyond
the strength of the lambda calculus. And, indeed, letting

F, ¥Y O\ ... .zn.f)

we shall later see that we can prove
= F;

though F, and Fj are not B-equivalent.

1.3.1 The Constant Nil

The lambda calculus is, as a logic, very weak. It turns out that by adding
new constants to it, one can extend it to a logic as powerful as set theory.
In fact, it suffices to introduce just a single, new constant. While this does
not change the strength of the computable part of map theory (the lambda
calculus is, after all, already Turing complete), this new constant will be
convenient, even when implementing computable concepts.

The constant added will be denoted by N, and we shall pronounce it
“nil”. To be interesting to us, we need to be able to distinguish it from the
lambda terms already in the system. To this end, the conditional

ifnil A then B else C

is introduced to map theory, together with N. It’s semantics are defined by
the rules

ifnil N then BelseC = B
ifnil (A\x.A(z)) then Belse C = C
ifnil 1 then BelseC = 1



Conceptually, then, ifnil reduces it’s first argument until it can determine
whether it is nil or not. It suffices to reduce this first argument to weak
head normal form. If it has no such normal form, we consider it equal to L,
and ifnil will not terminate.

While not strictly necessary, it will be convenient to define the result of
applying nil to another term as nil itself, and likewise for L:

NB = N
1B = 1

(We could define a function, apply, by apply(A4, B) 4 ifnil A then N else A‘B,
and use this in all our definitions.)

1.3.2 Equality

In addition to calling N nil and L bottom, we shall call any term on the form
Az.A(x) a “function”. Note that, though normally the words “map” and
“function” are frequently taken as synonymous, we make a slight distinction
in the context of map theory: Any function is a map, but not all maps are
functions: nil, for example, is a map but not a function.

Since equal terms are indistinguishable in map theory, we shall extend
our nomenclature such that any term equal to nil shall be called nil. Like-
wise, any term equal to bottom shall be called bottom and any term equal
to a function shall, itself, be called a function.

We can now state one of the fundamental theorems of map theory:

Theorem 1.3.1 Given any function A, the maps nil, bottom, and A are
pasrwise distinct.

Argument Assume that it was not true. Assume, for example, that the
function Az.A(z) was equal to bottom. Then all terms B would be provably
equal to bottom, and hence equal:

B = ifnil (Az.A(z)) then 1 else B
ifnil | then 1 else B
= 1

Thus, assuming map theory is consistent, the theorem above holds. O
In fact, we not only have that bottom, nil, and any function are distinct;
We have that any closed term must be one of the three:

Theorem 1.3.2 (Quartum Non Datur) A closed term of map theory is
either nil, bottom, or a function.

In the following, we shall not explicitly distinguish between closed and
open terms: We tactically assume all terms to be closed. That is, when

10



stating and proving theorems we shall assume all terms to be closed. Thus,
a theorem about some, possibly open, map A will actually be a theorem
about all closed instantiations of A.

We can use the previous theorem to do case analysis on terms:

Theorem 1.3.3 If

A(N) = B(N)
AXx.Cx) = B(Az.Cx)
and
A(L) =B(1)
then
A(C) =B(O)

Proof. By Theorem 1.3.2, the map C' is either nil, bottom, or a function. If
C' is a function, then C' is equal to Ay.D(y) for some context D(-). Hence,

Ae.C'x = dx.(A\y.D(y))'x
Az.D(x)
= C

Thus, in any case, A(C) = B(C) follows from one of the premises. O
We can use Theorem 1.3.3 to prove, e.g.,
Lemma 1.3.4 For all maps A we have ifnil A then | else 1. = 1.

Proof. From the semantics of ifnil we have
ifnil N then | else | = |

ifnil (Az.A‘x) then L else | = |

and
ifnil | then 1 else | = L

From these, ifnil A then | else | = | follows directly from Theorem 1.3.3.
O

We are now ready to handle the notion of equality in map theory. Since
two terms are equal if they are indistinguishable, we shall first consider when
we can tell two terms apart.

Using the ifnil construction, we can obviously tell nil, bottom, and a
function apart. Clearly, however, not all functions are equal. To distinguish
two functions, we must find some input on which they differ. Using this
reasoning recursively, two maps are different if, when applied to some series

11



of maps, they return different output, that is: A # B exactly when there
exists maps Cq,...,C, such that

(- (ACy) - )Cp # (- (BCy) -+ )Ch
To express the converse, we shall introduce the construct
root(A) = ifnil A then N else \z.N

Consequently, we have

N if A is nil
root(A) = ¢ Az.N if A is a function
1 if A is bottom

Also, by Theorem 1.3.1, we have that root(A) is equal to root(B) exactly
when either A and B are both nil, both bottom, or both functions. Now the
equality A = B can be characterized by, for all n and Cy,...,Cy:

I'OOt(A‘Cl‘- . "Cn) = root(B‘Cl‘. . ‘C’n)

We call root(A) the root of A.

When thinking of terms, it is beneficiary to think of the term A as a tree
with each branch labeled by a map and the node along the path C1,...,Cy
labeled by the root of A‘Cy¢--‘C,. For example, the tree of bottom is one
where all nodes are labeled L.

Two terms are equal exactly when their trees are equal. This is utilized
in the following theorem:

Theorem 1.3.5 (Extentionality) If
root(A(C)) = root(B(C))

for all maps C' and further there exists a context D(-) such that
(A(C))C" = A(D(C, "))

and

(B(C)):'C"=B(D(C,C"))
for all maps C and C’', then

holds for all D.

12



Argument When the premises of the extensionality theorem just stated
are satisfied, we can prove that

root(A(C)'Ci*-Cy) = root(A(D(C,C1))Cot-Cy)
= root(A(D(D(C,C1),C o)) Cs---Cy)

= root(A(D(--- (D(D(C,C1),Cq),...,Ch))))
= root(B(D(--- (D(D(C,C1),Ca),...,Cp))))

= root(B(D(D(C,C1),C))Cs'---Cy,)
= root(B(D(C,C1))Cy'---Ch)
= root(B(C)'C:*--Cyp)

That is, the trees of A(C) and B(C) are equal. Thus, A(C) and B(C) are
equal. O

When using the extensionality theorem, the first part, showing that the
roots of A(C) and B(C) are equal for all maps C, is normally the easy part.
The trouble is finding the context D(-), expressing how the output of the
functions A\x.A(x) and Az.B(z) depends on the input. Thinking in terms
of trees (no pun intended), D(-) expresses how the trees of \x.A(z) and
Az.B(z) can be collapsed in a uniform way (this should be evident in the
argument for the extensionality theorem).

On a final note on equalities, we shall often write “we have proved A”,
though the only judgment in map theory is equality. What we mean by the
statement is “we have proved A = True,” where True is the term representing
truth. This convention will be in use everywhere we just write a map where
an equality is expected.

4

1.3.3 Ordering maps

We can, as seen earlier, define a fixed point operator in map theory that is
completely analogous to the fixed point operator found in the lambda cal-
culus. Up until now, the only thing we can say about the result of applying
Y is that it returns a fixed point, but nothing else. We shall now define an
ordering (<) on maps that allows us to reason that the fixed point oper-
ator returns the least fixed point with respect to this ordering. For all fixed
points B of A, we shall have
Y'A<B

The ordering that will be defined is one of the information level contained
in the terms considered. Recalling that L is to be thought of as either
infinitely looping or undefined, it should be natural that | be the least
element in this ordering. Since N is just as informative as any term Az.A(x),

13



it follows that such two terms are unrelated (since they are not equal). A
lambda term Az.A(z) is less than a lambda term Az.B(z) exactly when
A(C) is less than B(C) for all maps C. Pictorially, we have

N Az A(x)
N /

L

We also have that all maps are monotone, in the sense that
A=<B

implies

C(4) X €(B)

for all maps A, B, and contexts C(-).

Since True is modeled by nil, this implies that equality in map theory
is not definable as term, for assume that eq A B was true exactly when A
was equal to B. Then, since | = 1, we would have eq L. | = True, and by
monotonicity of eq and the maximality of True, we would have eq A B = True
for all maps A and B.

1.3.4 The Deduction Theorem
By defining

A>B=C def ifnil A then B else 1 = ifnil A then C else L

we have that A> B = C is equivalent to B = C' when A is true (nil) and
equivalent to 1. = 1 otherwise. Consequently, > is a kind of implication: It
is valid if A is not true or if B = C. We even have

Theorem 1.3.6 (Deduction) If, assuming A, one can prove B = C' then
A>B=C.

1.3.5 Classical Maps

So far, the system we have described has been no stronger than the lambda
calculus we originally started with. The strength of map theory comes from
it’s choice operator on a special class € of maps which we call classical. In
a very real sense, the classical maps can be thought of as the well-founded
sets of set theory, with nil playing the role of the empty set. Indeed, the
classical maps are defined with the explicit purpose of giving a model of set
theory in map theory.

To get an intuitive understanding of the classical maps, it helps to un-
derstand what the properties of the classical maps are, that allow us to use
them in constructing this model.

14



First, nil is a classical map. This is analogous to first stating that the
empty set is well-founded. We will also model the empty set by nil.

Second, € is closed under application. That is, applying a classical map
to another will again yield a classical map. And, even stronger, the image
of € under a classical map will be sufficiently small as to be considered a
set. We then let the classical map A represent the set

{A‘B|B € ¢}

Hence, all classical maps represent some set.

It should now be easy to see how the identity function represents the
class of all sets, and how the K-combinator represents the class of singleton
sets. Consequently, neither the identity function nor the K-combinator are
classical.

1.3.6 The Choice Operator
As the primitive operator on the classical maps, we have the choice operator:
ex.A(z)

The semantics of this term is as follows: If A(B) is defined, i.e., not L, for
all classical maps B then ex.A(x) is classical. If further there exists classical
B such that A(B) is true, then ex.A(x) is such a B, otherwise ex.A(z) is
chooses an arbitrary classical map. If A(B) is undefined for any classical
B then the value of ex.A(x) is unknown. Note that this does not mean
undefined, it means ez.A(x) in this case returns some arbitrary term. This
may be defined or not, classical or not, we have no way of telling.

Even when there exists a classical B such that A(B) is true, we can
say no more about ez.A(x) than that A(ex.A(x)) holds. For example, the
choice operator need not be minimal among the classical maps satisfying A.

Note also, that A need not itself be classical. We have, for example,

ex ) x.L

is classical, even though Az.L is practically as unclassical as terms get (only
surpassed by L itself).

1.3.7 Relative Consistency of Map Theory

While out of scope for this thesis, a few words on the relative consistency of
map theory are in order here. As we have mentioned earlier, and we shall
see later, there exists a model of ZFC in map theory. This proves that ZFC
is consistent relative to map theory. Conversely, a model of map theory
can be constructed in ZFC extended with assumption of the existence of a
strongly inaccessible cardinal (SI). Thus, map theory is consistent, relative
to ZFC+SI. Full details of the construction of a model for map theory can
be found in [BGI7].
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Chapter 2

Preliminary Types

Foundational logics always pick out a number of concepts (frequently just a
few or maybe even a single one) as primitive, and define all other mathem-
atical concepts by them. Thus, according to set theory everything is a set,
in type theories (intuitionistic or otherwise) everything boils down to types,
and in map theory everything is a map.

This does not mean, of course, that set theorists deny the existence
of functions, that type theorists do not consider sets interesting, or that
map theorists (the few that exist) have no use for types. It just means
that functions are represented by certain sets in set theory, sets belong to a
certain type in type theory, and types are just special maps in map theory.

Maps are the building blocks of map theory, and thus functions are
readily expressible in map theory. Almost as primitive as maps are sets in
map theory. While they are, of course, ultimately maps, the foundations
of map theory are constructed with the explicit content of proving that set
theory is part of map theory (and thus that map theory has the strength
of set theory). Of the three foundational concepts mentioned above, this
leaves us with the question of how to model types in map theory.

Like set theory, map theory is fundamentally an untyped logic (or a
mono-typed logic, if one prefers). That is, there is only one syntactic group
of terms, and thus, syntactically, one can interchange any sub term of a
term with any other and still get a term back. Compare this to typed
logics, where terms are, within the foundational system, assigned a (possibly
generic) type, and only sub terms of the same type may be interchanged.

In map theory, in other words, if both B and A(B) are valid terms, then
A(C) will also be a valid term whenever C'is. In typed logics, this will only
hold if B and C are of the same type. To be more specific, in HOL, say, the
expression

if True then B else C

is a valid term, while the expression

if 1 then B else C

16



is ill-typed and thus not a valid term. Thus, as a user of HOL, one does not
need to explicitly handle a large class of meaningless terms, namely those
were the term is ill-typed. In map theory, on the other hand, if we have
boolean conditionals and natural numbers, then both the above terms are
completely valid, and we need to assign a meaning to them both.

2.1 Meaninglessness

As we have just seen, we have no way of keeping conceptually ill-typed
terms out of our system. There are also other meaningless terms, 1/0, say,

or dubious definitions like Pd:ef{x|x € P« x ¢ P}. In all cases, we choose
to let the terms in question be equal to bottom. In other words, bottom will
be the canonical undefined/ill-typed /meaningless term.

This makes sense in several ways. By the minimality of the Y-combinator,

many ill-defined terms are equal to L already anyway. The absurd defini-

tion A(DB) d:efA(G(B)) (this could be a basically sound recursive definition

where the base case was forgotten), for example, is easily satisfied by let-
ting A(B) be equal to Y(Afz.fC(x))'B, which is bottom for all B. Also,
were we to allow bottom to represent some meaningful element of a type,
this would lead to all sorts of problems: Assume that A was another ele-
ment of the same type, and 8(-) swapped L and A, ie., §(A) = L and
8(L) = A. Certainly such a function should be definable for any type. But
then §(L) < §(A) = L, and hence A = §(L) = L (remember, bottom is
the minimal map). So, if bottom represents a meaningful element of a type
then no swap function can be defined for this type.

2.2 Meaningfulness

Having thus argued for the elimination of bottom from all types, do we need
to eliminate other maps? The answer is no, we shall later see types where
all defined maps are meaningful. However, other types will exclude some
defined maps, and we will need to be able to distinguish meaningful terms
from meaningless terms within the system. That is, for any type o and map
A we want a term,

Ais

to express whether A is a meaningful term of type « (hereafter just: whether
A is of type «) or not.

Preferably, A is a would be equal to True if A was of type « and False
if not. However, when A was of the desired type, this would imply False =
1L is a = Ais a = True, which, while possible, would be awkward. Besides
the fact that, under our interpretation of <, this would mean that False was
less defined than True (a somewhat strange assertion), modeling True by nil
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has distinct advantages and would not be possible if False < True was to
hold.

Another possibility would be to have A is « be true if A was of type
« and either bottom or false if not. Since there are types where the type
membership is strictly semi-decidable anyway (it conceptually takes forever
to decide that a term is not of the type), and for general simplicity, we chose
Ais « to be true if A is of type a and to be undefined otherwise.

2.3 Strong vs. Weak Representatives

Ideally, when modeling types, the representation of the elements would be
unique. After all, there is only one number four. Unfortunately, this will
hardly ever be possible in map theory. The intuitive reason is that when
deciding which member of a certain type a term represents, only a finite
part of the term tree is examined, and so any two terms that are equal in
that part of the tree will be considered equal under the type.

In general, therefore, an element of a type will have several representat-
ives. Rather than choosing a random representative each time we need one,
we shall designate one of the them as the strong representative, and shall
call all other representatives weak. It will be convenient to be able to pick
out the strong representative of an element within map theory. To this end,
for each type a we define normalization function, &, (-) such that =, (A)
strongly represents the element that A represents, and is undefined if A rep-
resents no element of a. If A already is a strong representative, it follows
that ~,(A) must be equal to A, and thus that ~,(-) must be idempotent.
In fact, we shall use the properties just described as the basis for defining
what we shall call simple types in map theory:

Definition 2.3.1 (Simple Type) « is a simple type if two functions
Cis a
and
~a(+)
are given with the following properties:
o ~,(-) is idempotent, i.e., o (Ra(A)) = ~o(A) for all terms A.
o =, () is strict, i.e., ~q(L) = L.
o Ais « is true if =n(A) is defined, and bottom otherwise.

(Slightly abusing the language, we shall call any map in the range of ~,(+)
a strong representative, that is, we shall also call 1 a strong representative.
If we need to talk about the strong representatives of « besides bottom, we
shall call them “strong as”, e.g., strong booleans or strong natural numbers. )
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With this definition in hand, we can start formalizing some of the simple
types that we have already talked about.

2.4 Truth

Truth is the simplest type we shall have occasion to see here: It only has a
single element, and this is even represented by a unique map.

Definition 2.4.1 (true)

True def N
~ve(A) % ifnil A then N else L
A is true def ifnil A then True else L

Note that the definitions of ~ue(-) and - is true are, in fact, identical. This
is one of the side effects, mentioned earlier, of the untypedness of map theory.
Conceptually, the two functions are different: One returns a map, the other
a boolean value. Both may never terminate.

That it really is a simple type, is captured in the following theorem.

Theorem 2.4.2 true is a simple type.
Proof. By case analysis. O

Also, note that ~,ue(True) = True and True is true. That is, True is the
strong representative of truth.

Of course the definition of True will be the same as in the booleans, which
we will define in the next chapter. We shall see that true can be considered
a subtype of the booleans, but true is a type in is own right, and it will be
ubiquitous in rest of the development.

2.5 Definedness

The second type we can define now is the type of definedness. In our for-
mulation, all defined maps strongly represent themselves. We could have
chosen any definition of Rgefined (), as long it mapped any defined map to
some defined map and it was strict, since we shall have no use for normaliz-
ing defined maps; Only whether a map is defined or not shall be of interest to
us. The present normalization function will be handy, though, when dealing
with type of functions, which we shall deal with later.

Definition 2.5.1 (defined)
de
Rdefined (A) 4

A is defined def ifnil A then True else True
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And, like truth, it is a simple type:
Theorem 2.5.2 defined is a simple type.
Proof. By case analysis. O

With truth and definedness defined, we can express the relationship
between - is o and ~,(+) in a single equation:

Ais a = =, (A) is defined

By unfolding the definition of - is defined, we can express A is « in terms of
~a(A):
Ais a = ifnil ~,(A) then True else True

One could simplify the definition of simple type given earlier by using the
above equation as a definition of - is @. However, in the case of recursive
definitions, it will be convenient to keep =, (-) and - is « separate.

2.6 Functions

Since we have now defined what is meant by a type, the next question is how
to use types in practice. To answer this, one must look at typed functions:
When told that a function F(+) is of type a = 3, what does this mean in a
basically untyped setting? That F(-) expects an argument of type o means
that the result of applying F(-) to something of not of type « should be
undefined:

Aisa=1 = FA4)=1 (2.1)

Further, for F(-) to be well-defined, if A and A’ represent the same element
of a, then F() should return the same element of 3:

~ald) = ma(d) = ~p(F(A)) = mp(F(A) (2.2)

In for this last implication, we shall demand something slightly stronger,
namely that F(-) always returns strong representatives of 3. The properties
F(-) must obey are gathered in the following definition

Definition 2.6.1 (Function Type) A function F(-) has type a = [ if «
and (B are simple types and if further F(-)

e is strict, i.e., F(L) =1,

e returns equal results for equivalent arguments, i.e., if =, (A) = =4 (A")
then F(A) = F(A’), and

o always returns strong representatives of 3, i.e., =3(F(A)) = F(A) for
all maps A.
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From this definition, we immediately see that any function F(-) of type a =
0 satisfies Equation 2.2. Equation 2.1 also holds, by the strictness of F(-):
If Ais « is undefined then ~,(A) = L = ~,(L) and so F(A) = F(L) = L.

We shall sometimes want a more lax functional type, where we do not
demand that the function be strict:

Definition 2.6.2 (Function Quasi-Type) A function F(-) has quasi-type
a = B if « and B are simple types and if further F(-)

o returns equal results for equivalent arguments, i.e., if o (A) = ~q(A')
then F(A) = F(A’) and

o always returns strong representatives of 3, i.e., =3(F(A)) = F(A) for
all maps A.

Note that, with this definition, all functions A(-) are quasi-typeable: They
will all have the quasi-type defined = defined.

For various reasons, we are unable to define a functional (quasi-)type
constructor, i.e., a type constructor F(-,-) such that F is F(«, ) exactly
when F' has (quasi-)type @ = (. We shall come back to this point in
Section 3.2.

2.6.1 Some Typed Functions
We already have seen a couple of typed functions, ~,(-) and - is a:
Lemma 2.6.3 For all simple types o, the function ~,(-) has type o = a.

Proof. All needed properties follow directly from the definition of a simple
type. ]

Lemma 2.6.4 For all simple types a, the function - is a has type o = true.
Before we prove this lemma, it will be convenient to have
Lemma 2.6.5 (Distribution over ifnil) If P(L) = L then

P(ifnil A then B else C) = ifnil A then P(B) else P(C)

Proof. By case analysis (if P(-) was not strict, then the left hand side would
be defined while the right hand side was undefined for A = 1). O

Proof (of Lemma 2.6.4). Assume « is a simple type. Then - is « is strict by
assumption, and if ~,(A) = ~,(A’) then

Aisa = ifnil =,(A) then True else True
= ifnil ~,(4’) then True else True

= Aisa
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Finally, using the previous lemma,

Rire(A s @) = Rype(ifnil &, (A) then True else True)
= ifnil =, (A) then ~e(True) else i e(True)
= ifnil ~,(A) then True else True

Ais o

as wanted. O

2.7 Basic Pairs

It is frequently useful to be able to bundle several objects together. Prob-
ably the simplest implementation of “bundling” is the pair: For any two
objects A and B, we want a pair object, conventionally denoted (A, B), and
two decomposition functions, frequently denoted 7w and 72 (in mathemat-
ics) or fst and snd (in computer science). To emphasize that we think of
map theory as a (powerful) programming language, we shall use the latter
denotation.

Having just discussed typed functions, one might consider modeling
typed pairs straight away, i.e., defining a pairing constructor P(-,-) of type
a = [ = «a* (3 for a suitable definition of a * . However, even the most re-
laxed pair type, defined x defined would preclude the pairing of bottom with
any other map. As we would like a pairing function were any two maps
could be paired, especially also bottom, we will define two pairing types: A
basic, untyped one and a typed one. In this section we will deal only with
the former but in Chapter 6 we will define typed pairs.

Moving on, we need to come up with a representation of these basic pairs
in map theory. We choose to strongly represent the pair (A, B) by the map

Az.ifnil = then A else B

As for weak representatives, we will let any defined map A represent the
pair (A‘N, A‘(Az.N)). When defining the normalization function for pairs,
we need to be careful. Just defining ~p,ir(A) as (AN, A‘(Az.N)) leads to
problems: With this definition, we would get

%pair(l) = <L‘N, J.‘()\Q?.N))
- <J-7 J—>
= Az.ifnil z then 1 else L
= Ax.Ll

(ifnil A then 1 else L = 1 for all A follows, e.g., by case analysis.) Since
Rpair(-) must be strict, we need to a slightly different definition. Since this
problem will occur again and again, we will introduce the guard function:
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Definition 2.7.1 (Guard) A — B “ifnil A then B else L

Semantically, then A — B denotes B, unless A is not true, in which case it
is undefined. As direct consequences of the definition, we have A — True =
~irue(A) and True — B = B. We also have the distributive law:

Lemma 2.7.2 (Distribution over guards) If P(L) = L then
P(A— B)=Aw— P(B)
Proof. Straightforward, using distribution over ifnil. O

We can also prove that - — B is of the type true = defined. This isn’t saying
much, since any strict function trivially has the return type of defined and
truth has a unique representation. However, it is still a compact notation
for the fact that the guard function expects a truth value as its first ar-
gument. In general, all of the conditionals (the guard function is just the
“conditional” for the truth type) and case-constructs we will define later
will have similarly simplistic types. In any case we've found that even these
types are useful to think about, so we will mention them as they occur.
Using a guard, we can now define the relevant maps for pairs:

Definition 2.7.3 (pair)

(A,B) % A\r.ifnil z then A else B
A is pair ' A is defined

~pair(A) Y Ais pair — (AN, A‘(Az.N))
These definitions allow us to prove the following useful lemmas.
Lemma 2.7.4 For all maps A and B, (A, B) is pair holds.

Proof. By definition. O
Lemma 2.7.5 For all maps A and B we have ~p,ir((A, B)) = (A, B).
Proof. We have

~pair((4,B)) = (A, B) is pair — ((4, B)‘N, (A, B)‘(Az.N))
((A, B)‘N, (A, B)‘(Az.N))

(ifnil N then A else B, ifnil (Az.N) then A else B)
(A, B)

verifying the statement. O

We can now prove
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Lemma 2.7.6 pair is a simple type.

Proof. The strictness of =pair(-) ultimately follows from the strictness of
- is defined. That ~p,i(+) is idempotent is easy to verify:

%pair(%pair(A)) = %pair(A is pair = <A‘N,A‘()\l‘.N)>)
= Ais pair — ~pir ((A'N, A (Az.N)))
= Ais pair— (AN, A‘(Az.N))

%pair(A)

Finally, we also have

Rpair(A) is defined = (A is pair — (A‘N, A‘(Az.N))) is defined
A is pair — ((A‘N, A‘(Az.N)) is defined)

A is pair — True

Rtrue(A is pair)
= Ais pair
as required. O
Before proceeding we shall prove a small lemma:
Lemma 2.7.7 If (A,B) = (A',B’) then A= A" and B = B'.
Proof. Assume (A, B) = (A’, B'). Then
A= (A BYN=(A,B)N=A4
Analogously, one can prove B = B'. O

We have proved that pair is a simple type. But it is exceedingly un-
interesting as long as we are unable to take pairs apart. To this end, we
have a choice: We can either define fst and snd separately, or we can define
a single case-construct in the style of, say, ML. The two approaches are
equivalent—having defined fst and snd we can define a case-construct and
vice versa—so the choice is primarily an aesthetic one. As it is, we prefer
the case-construct to be primitive and fst and snd to be derived.

What we want is a function case - of (x,y) = C(x,y) of the type pair =
defined with the property

case (A, B) of (z,y) = C(z,y) = C(4, B)
The following definition achieves this.

Definition 2.7.8 (Case-construct for basic pairs)

case A of (z,y) = C(x,y) Y As pair — C(A‘N, A‘(Az.N))
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Lemma 2.7.9 The function case - of (z,y) = C(x,y) has the type pair =
defined.

Proof. First of all, it is obviously strict.

Now, assume ~pair(A) = zpair(A’). It follows that A is pair is equal to
A’ is pair.

If they are both bottom, then it follows that A and A’ are both undefined
and hence equal. Hence, case A of (z,y) = C(x,y) and case A’ of (x,y) =
C(z,y) are equal.

If they are both true, then we have

(AN, A‘(Ax.N)) = Ais pair— (AN, A*(Az.N))
= pair(4)
= pair(4)
= A'is pair — (AN, A*(\z.N))
= (A"N, A“(\z.N))

Hence A‘N = A*N and A‘(Az.N) = A"*(Az.N). All in all we have

case A of (x,y) = C(x,y) = Ais pair— C(A'N, A‘(Az.N))
= A'is pair — C(A"N, A“(A\z.N))
= case A’ of (z,y) = C(z,y)

as wanted. O
We will also want distribution over the construct:
Lemma 2.7.10 (Distribution over casep,iy) If P(L) = L then
P(case A of (z,y) = C(z,y)) = case A of (z,y) = P(C(z,y))

Proof. By distribution over guards. O

2.7.1 Elimination

In proofs about basic pairs, we shall often find ourselves in the situation
that we know that some map C' is a basic pair. From that assumption we
would like to deduce that C' must be some, specific pair. The lemma we
shall use in these cases is

Lemma 2.7.11 (Elimination of Basic Pairs) If, for all maps A and B,
Rpair(C) = (A, B) implies D = E then C'is pair implies D = E.

Proof. We have =i (C) = (C*N,C‘(Az.N)) for all pairs C. From the as-
sumption we have the conclusion D = E as wanted. ]

The lemma is so called, since we are “eliminating” the assumption C is pair.
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2.7.2 fst and snd

Here, at the end of the section, we can quickly define the fst and snd
functions:

Definition 2.7.12

fst A % case Aof (r,y) ==z

snd A % case A of (x,y) =y

It is straightforward to prove that both fst and snd are of the type pair =
defined and that the usual equalities

fst (A,B) = A
snd (A,B) = B

hold.

2.8 The Root Type

The next type we shall touch upon in this chapter is the root type. This is
the type of the first argument of the ifnil construct, and is defined thus:

Definition 2.8.1 (root)
~root(A) % ifnil A then N else (A\z.N)
Aisroot & Ais defined

As one can see, ~o0t(+) is equal to root(-).

Theorem 2.8.2 root is a simple type.

Proof. Straightforward. O

Lemma 2.8.3 The function ifnil - then B else C' has the type root =
defined.

Proof. Tt is by definition strict. Further, if ~o0t(A) = Root(A’) then

ifnil A then B else C = ifnil = (A) then B else C
= ifnil ~0t(A) then B else C
= ifnil A’ then B else C

where the first and last equality follows by case analysis on A. O

A stronger result holds:
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Lemma 2.8.4 (Strong Congruence for ifnil) If ~oot(A) = N implies
B = B’ and = 0t(A) = A\x.N implies C = C' then

ifnil A then B else C = ifnil A then B’ else C’

In other words, when simplifying B in ifnil A then B else C' we can assume
A to have root nil and, likewise, we can assume A to have root Axz.N when
simplifying C. The proof uses the fact that we can represent the equality
Rroot(A) = N as the term N(A) where

N(A) = ifnil A then True else False

With this, we have ~o0t(A) = N <= N(A). The “=" direction follows
directly, while the other direction follows by the deduction theorem: Assum-
ing N(A) is true, we have

%"OOt(A) = N(A) = %root(A) = N(A) — N=N

where the second equation holds by case distinction on A, using Theorem 1.3.3.
A shorter proof is this: N(A) > ~o0t(A) = N follows by case distinction on
A. Hence N(A) implies ~200t(A) = N by the Deduction Theorem.

By the analogous reasoning, from

L(A) = ifnil A then False else True
we can prove ~poot(A) = Az.N <= L(A).

Proof (of Lemma 2.8.4). Assume that ~0t(A) = N implies B = B’. By the
Deduction Theorem, we then have N(A) > B = B’ (since N(A) is equivalent
t0 Aoot(A) = N). By definition, this means N(A) — B = N(A) — B'.
Analogously, from the assumption that /2,00t(A4) = Az.N implies C' = C’; we
get L(A) — C = L(A) — C’. Using these two equalities, we get
ifnil A then B else C = ifnil A then N(A) — Belse L(A) — C
= ifnil A then N(A) — B’ else L(A) — C’
= ifnil A then B’ else '

where the first and last equation follow by case distinction on A. O

A seemingly more direct version of Lemma 2.8.4 is the equation
ifnil A then B(A) else C(A) = ifnil A then B(N) else C(A\z.A'x)

However, for this to be usable, A, first of all, must be syntactically present
in one or both of the cases of the ifnil construct, something that might not
be the case. Second, Lemma 2.8.4 allows us, e.g., to assume ~o0t(A4) = N
when rewriting B. This assumption might be in contradiction with other
assumptions. If we only had the equation above, we might not be able to
find such a contradiction.
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2.9 Booleans

The final type that we will define for now is that of the booleans. It so
happens that the booleans we define are exactly the same as the root type
defined in the last section. Once again, this is merely a side-effect of the
untypedness of map theory; The root type divides the defined maps of map
theory into functions and the constant nil, while the booleans divide the
same maps into true and false.

The definition of the boolean type is thus, repeating the definition of
True for completeness:

Definition 2.9.1 (bool)

True = N
False d:ef Az.N
Aisbool % Ais defined

~bool(4) % ifnil A then N else (\z.N)

It is easy to verify that True and False are strong representatives of booleans,
i.e., Rpool(True) = True and =epo0)(False) = False. We have:

Theorem 2.9.2 bool is a simple type.
Proof. Follows directly from the fact that root is a simple type. O

2.9.1 Conditional

We already have a conditional on root values that we can use as a conditional
on booleans:

Definition 2.9.3 (Conditional for booleans)

if Athen Belse C % ifnil A then B else C
And it has the expected type:
Lemma 2.9.4 The function if - then B else C' has the type bool = defined.
Proof. Follows directly from the type of the ifnil function. O

From the definition of if, True, and False we can prove

if Truethen BelseC = B
if False then BelseC = (C

as expected.
From Lemma 2.8.4, we also immediately get

Lemma 2.9.5 (Strong Congruence for if) If ~po0(A) = True implies
B = B’ and =peoi(A) = False implies C = C’ then

if A then B else C = if A then B’ else C’
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2.9.2 Case Analysis

We are not done defining the booleans yet. For if we want to prove, for a
suitable definition of conjunction,

AVB=BVA (2.3)

we might very well want to do it by case analysis. But at the moment, all
we have in this regard is Theorem 1.3.3, that allows us to deduce the above
equality if we can prove

NvVvB = BVN
(M. Az)VB = BV (\z.A'7) (2.4)
lvB = BVl

which is not quite what we would want: the underlying machinery of map
theory is showing through.

The logic of we want is this: We want to prove A(C) = B(C), where C
should be thought of as a boolean. Either C' is bool is true or not. If it is,
then C either represents true or false. So the case distinction we are making
is really captured in the following lemma:

Lemma 2.9.6 If ~p001(C) = L, Rpool(C) = True, and ~poo1(C) = False all
imply A(C) = B(C) then A(C) = B(C) holds for all maps C.

However sound the reasoning is, there is a problem: We cannot prove it in
map theory.!
To clarify this, we shall prove a couple of slightly weaker, related lemmas.

Lemma 2.9.7 (Elimination of Booleans) If C is bool and ~pe0(C) =
True and ~pool(C) = False both imply A = B then A = B holds.

Proof. From the assumptions, since C' is bool, we see that it suffices to prove
C'is bool — A = (C'is bool — B
But we have

Cisbool— A = if C then Aelse A
= if C then B else B
= (Cisbool— B

where the second equation hold by the assumptions and the strong congru-
ence of if, and two other by case distinction on C. U

!That is, we have been unable to prove it. Actually proving that it cannot be proved
amounts to proving the consistency of map theory which we (of course) have not done.
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In the proof of Lemma 2.9.7, one might say that we were able to get
all information on C' into a single equation, and then use case distinction to
prove this equation. Getting this information into a single equation amounts
to translating all assumptions on C' into terms, i.e., Rpool(C) = True =
A = B and R0 (C) = False = A = B were encoded in the equality

if C then A else A = if C then B else B

using the strong congruence of if, and we could pull the term C' is bool into
the equation indirectly. The problem with Lemma 2.9.6 is, then, that the
assumption e (C') = L can not be represented by a term, i.e., there is no
function U(-) such that U(C') <= Rpool(C) = L (this is again, as mentioned
in the introductory chapter, a consequence of the monotonicity of maps, in
this case U(+)).

So what do we do? Well, if we already know that C' is boolean, then
Lemma 2.9.7 is exactly what we want: It says that if C' is boolean, then it
must be either True or False. If we can prove A = B in both cases, we are
done.

If, on the other hand, C' is not known to be boolean, then we shall use
the following flavor of Theorem 1.3.3:

Theorem 2.9.8 (Case Analysis on Booleans) If

A(L) = B(L)
A(True) = B(True)
A(False) = B(False)

then
A(pair(C) = B(~pair(C))

We are only testing the equality A(C) = B(C) when C' is a strong repres-
entative, and this might seem too weak: What about all the weak booleans?
In practice, functions with boolean arguments will be built up from either
the primitive or defined boolean functions, and so we will normally have
A(Rpool(D)) = A(D) for all maps D, and thus especially for C. Likewise for
B(-). In Equation 2.3, for example, A will, once defined in the next chapter,
be such a boolean function, and we can prove its commutativity by proving

Truev B = BV True
Falsev B = BV False
lvB = BVl

which is a vast improvement on Equation 2.4.
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2.10 Order

Although we shall not use ordering heavily until after we start defining
recursive definitions, we will now briefly state the definitions of greatest
lower bounds and ordering, together with their main properties.

We first define the greatest lower bound between two maps A and B:

Definition 2.10.1 (Greatest Lower Bound)

ep s N
ifnil B{ N

A | Bitnil A
ifnil B T
Az.(A2) | (B2)

From this, we can show that | is commutative, associative, and that, for all
A, A | A= A. 1t is also clearly strict in both arguments. We now define <
as

Definition 2.10.2 (Order)

A<B Y s4—a|B

From the properties of | we can prove that =< is order relation on maps, i.e.,
it is reflexive, transitive, and if A < B and B < A then A = B. For details
on proving these results, the reader is referred to Grue [Gru01].

We are now ready to prove some minimality results for ifnil, if, and
guards.

Lemma 2.10.3 (Minimality of ifnil) If ~,.0t(A) = N implies B < D
and ~yoot(A) = Ax.N implies C < D then

ifnil A then Belse C <X D

Proof. Using N(-) and £(-) from the previous section, we have

N(A)—B = NAw—B|D
LA)—C = LA —C|D

from the assumptions. Hence, we have

ifnil A then B else C = ifnil A then N(A) — B else N(A) — C

ifnil A then N(A) — B | Delse N(A) — C | D
ifnil Athen B | Delse C | D

= (ifnil A then BelseC) | D

using case distinction, strong congruence, case distinction, and finally dis-
tribution. ]
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Lemma 2.10.4 (Minimality of if) If ~pe0i(A) = True implies B < D
and Rpool(A) = False implies C < D then

if Athen Belse C <D
Proof. By Lemma 2.10.3. U
Lemma 2.10.5 (Minimality of Guard) If A implies B < C' then
A— B=<C

Proof. By the definition of guard, the uniqueness of nil, and Lemma 2.10.3.
O

We can now prove the little lemma that will be of much use to us later:
Lemma 2.10.6 (Equivalence of Truth) If A <= B then
Rtrue(A) = Rtrue(B)
Proof. By Lemma 2.10.5 and A = B we have
A — True < Xirue(B)

Using A — True = ~ne(A) we have proved ~ipe(A) < =true(B). Analog-
ously, we can prove ~re(B) = ~irue(A), and by the anti-symmetry of < we
have ~ue(A) = ~irue(B) as wanted. O

This means that for all typed functions F(-) and G(-) with return type
true, F(A) <= G(A) exactly when F(A) = G(A). Thus, for such functions,
we shall interchangeably use either notation, writing bi-implication at some
times, and equality at others.

2.11 Equality

As has been remarked earlier, there is no function £(-,-) such that
E(A,B) <= A=8B

for all maps A and B. But in the case where A and B are strong repres-
entatives of some type « that has an equality predicate =, we almost can.
Since strong representatives are unique, it follows that if A=, B, that is, if
A and B represent the same element of a and A and B are strong repres-
entatives, then A must be equal to B. On the other hand, if A and B are
equal, then A=, B must hold by the reflexivity of =, if A and B are «. In
other words, for all A and B of type a,

A=4B <<= =4(A)=~=4(B)

Simple types a, where a function =, exists with the above property, are
called simple equality types. They are defined thus:
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Definition 2.11.1 (Equality Type) The simple type « is called an equal-
ity type if there exists a function =, of type @ = a = bool such that =,
18

e total on «, i.e., for all A and B of type o, A=, B is boolean.
o reflerive on «, i.e., if A is « then A=, A.
o reflective, i.e., A=, B implies ~q(A) = ~4(B).

From these three requirements, we can show that =, is indeed an equivalence
relation:

Lemma 2.11.2 If « is an equality type, then =, is an equivalence relation
on a.

Proof. (Reflexivity) Follows from the definition of equality type. (Anti-

symmetry) Assume A=, B where A and B are a (since =, is strict, this

actually follows from A=, B). By reflection, we have ~,(A) = ~.(B).

Hence B=, A follows by reflexivity. (Transitivity) Assume A=, B and

B =, C (and hence that A, B, and C are «). By reflection we have ~,(A) =

~o(B) = =4(C) so, by reflexivity we have A=, C, as wanted. O
With

Definition 2.11.3 (Equality on Truths)

A= B def A B True
we can prove
Lemma 2.11.4 true is an equality type.

Proof. (Correct Type) The function =y,e clearly has type [true, true] = bool.
(Totality) Assume A and B are both true, then A =, B is also true, and
hence a boolean. (Reflexivity) Also obvious. (Reflection) Assume A =y e B.
By strictness, we have A and B true, hence ~pye(A) = ~true(B). O

A bit more interesting, and wholly more useful, is equality on booleans.
We define

Definition 2.11.5 (Equality on Booleans)

L[]
A= B ¥ i A alse

. False
if B { True

Lemma 2.11.6 bool is an equality type.
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Proof. (Correct Type) The function =40 is seen to be of the desired type,
[bool, bool] = bool. (Totality) Assume A and B are both boolean. Using
Lemma 2.9.7 repeatedly, it is straightforward to prove that A =po B is
boolean. (Reflexivity) Again, assuming A is boolean, Lemma 2.9.7 allows us
to prove the desired: A =poo A. (Reflection) Assume A =p,0 B and hence
A and B boolean. There are four combinations. If A and B are both
true or both false, the desired conclusion, ~Rpeol(A) = ~pool(B) is clearly
true. If A and B are different, we obtain a contradiction by the assumption
A =bool B. L

From this we obviously have the following corollary. As we shall have no
use for equality on the root type, this is the last we shall hear about it:

Corollary 2.11.7 root is an equality type.

As examples of type that are not equality types, we have defined and pair.
Equality on pair would imply equality on all maps, which is not possible,
and equality on defined is impossible for the same reason as equality on all
maps is impossible: monotonicity. The defined map A.L is equal to itself,
but is also the least function under <. Hence, the truth of Ax. L =gefined Ax.L
would imply the truth of A =gefined B for all functions A and B.

2.12 General Proof Techniques

As one can see from the presentation up until now, it would seem that
undefinedness keeps getting into the way. Without bottom, we would not
have general recursion, so we definitely want it in the logic. But we would
like to work around it as smoothly as possible, when needed.

One of the simplest tricks we have uses the observation that proving the
equality A = B can be dealt with in two steps: First proving that for A and
B each is as defined (or undefined) as the other, and then proving A = B
assuming that they are both defined (since if one is undefined, then the other
is too, and hence they are equal). This trick was, for example, used in the
proof of Lemma 2.7.9. We shall prove a slightly more general result:

Lemma 2.12.1 If Ais « and B is « both imply C, then fromC — A= B
we can deduce A = B.

Proof. Using case distinction, strong congruence of guard, and the property
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A~ B+— C=B— A C of guard we have

A = Aisdefined— A

A is defined — (C'+— A)
C +— (Ais defined — A)
C +— (B is defined — B)
B is defined — (C' — B)
B is defined — B

= B

proving the desired. O

By using this lemma repeatedly, we can assume any property that follows
from both sides of the equality being defined.

As an example of its use, we can give another sketch of a proof of Equa-
tion 2.3: Since both A is bool and B is bool follows (will follow) from both
AV B is defined and B V A is defined (since disjunction is (will be) a typed,
and hence strict, function), we can assume A and B to be booleans. Now
use Lemma 2.9.7 to prove AV B =BV A.

In the presence of equality types, we can now prove the following central
lemma:

Lemma 2.12.2 (General Equivalence) If a is an equality type and
Aisa <= Bisa

and finally we can show
A=,B

assuming A and B of type «, then we can conclude

Proof. We will use Lemma 2.12.1 twice, with C equal to A is a and B is a:
We have
~q(A) is defined = Ais «

and, likewise, ~,(B) is defined = B is . Obviously, then, A is defined im-
plies A is «, and further, by the equivalence of A is a and B is a, we also
have B is defined implies A is &«. We may assume B is « by a similar reas-
oning.

We therefore now assume A and B to be a. therefore also B) is a. From
the assumptions we then have A=, B and, using reflection, this implies

~a(A) = =a(B). =
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The explicit normalization will, as always, often disappear in the presence
of concrete terms A and B, as they will normally already by strong rep-
resentatives of . By virtue of their return type as a typed function, for
example.

The great value of this result is that it allows us to “translate” the equal-
ity ~q(A) = =(B) to the term A=, B. This will be extremely convenient,
especially with respect to quantifiers. More on this in Section 3.2 in the
next chapter.

As a final note, in order to use the General Equivalence Lemma, we will,
needless to say, have to be able to prove the assumption

Aisa <= Bisa

for a multitude of equality types « and terms A and B. To aid in this,
we shall use results of the following kind, allowing us to simplify what is
essentially type constraints:

Lemma 2.12.3 (Guard Type Elimination)
(A— B)isa = Aistrue and Bis«

Proof. From the assumption, by the strictness of guard, we have A is true.
Simplifying the assumption, we also get B is a. O

Lemma 2.12.4 (Guard Type Introduction)
Aistrue and Bisa — (A~ B)isa

Proof. Straightforward. O

For conditionals for types of more than one constructor, the formulation
of the type introduction/elimination rules is not as clean. The simplest type
elimination rule we can state for if is

Lemma 2.12.5 (if Type Elimination)
(if Athen Belse C)isa = Ais bool

Proof. By strictness of if. O

After using this lemma, one can then use case distinction (on A), and pos-
sibly later simplify if A then B else C'is « to either Bis « or C'is «, de-
pending on the value of A. For type introduction, we have no choice but to
incorporate case distinction on A:
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Lemma 2.12.6 (if Type Introduction) If A is boolean and

Robool(A) = True = B is «

and
Rbool(A) = False = C'is «
then
(if Athen Belse C)is «
Proof. By elimination of A as a boolean. O

The type introduction and elimination rules for ifnil are the expected vari-
ants of Lemmas 2.12.5 and 2.12.6.

For total functions, like equality on types, we can capture the type in-
troduction and elimination rules in one single equivalence:

Lemma 2.12.7 For all equality types o we have
A=,Bisbool <= Aisa and Bisa«a

Proof. “=" by strictness of equality. “<=" by the definition of equality
type. ]
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Chapter 3

Propositional and Predicate
Logic

Before we can model set theory in map theory, we need to model first order
logic, or predicate logic. This is done in the current chapter. First, we
model propositional logic, and then we turn our attention to the quantifiers
of predicate logic.

3.1 Propositional Logic

We can, quite straightforwardly, represent the usual connectives of propos-
itional logic using the booleans defined in the last chapter. Negation is
completely as expected:

-A = if A then False else True

The definitions for the other connectives, however, need some more care.
Arbitrarily singling out disjunction, we will take the equality

AV B = if A then Trueelse B

as the basis for our later definition. Unfortunately, there are several prob-
lems with using this equality as the definition of disjunction.

We would like disjunction to have the type bool = bool = bool. But
with the equality above, we can neither prove

AVB=Av DB
from ~pool(B) = Rpool(B’), nor can we prove
%bool(A \ B) =AVB

for all maps A and B. In both cases, problems occur when A is true.
Then we would need to prove B = B’ from ~pooi(B) = Rpool(B’) and
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prove Rpool(B) = B for all B, which does not hold. The first remedy is to
normalize the result of disjunction:

AV B = if Athen True else ~po0(B)
(True is of course already normalized.) While this allows us to prove
Rbool(AV B) = AV B

for all A and B, it does not solve the whole problem, though, since this
function is not strict in its second argument. As for the normalization
function for pairs, the solution will be to use the guard function.

These considerations lead us to the following definition:

Definition 3.1.1 (Propositional Connectives)

-A def if A then False else True
AVB % Bisbool — if Athen True else ~pooi(B)

ANB % Bisbool — if Athen ~poq(B) else False
A— B def
A~ B

B is bool — if A then ~,0(B) else True

i A then ~pooi(B) else B
We can now prove:

Lemma 3.1.2 Negation has type bool = bool. Disjunction, conjunction,
implication, and bi-implication all have type bool = bool = bool.

Proof. Straightforward. O
Note that bi-implication is, of course, equal to the equality function =p
from last chapter. We shall therefore use the notation =, for bi-implication
in the following.

With the definitions above we can show, for example, the following stand-
ard equality for all maps A and B:

Lemma 3.1.3 (Commutativity of Disjunction)

AvVB = BVA

The proof can proceed in a number of different ways. We can use Lemma 2.9.8:

Proof (Variation One). We have LV B = BV L by strictness of disjunction.
Also

TrueV B = B is bool — if True then True else 0 (B)
= B is bool +— True
= B is bool
= if B then True else True
= True is bool — if B then True else ~po0i(True)
= BV True
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Likewise, we can prove False V B = B V False. So Lemma 2.9.8 gives us
(Rbool(A)) V B = BV (pool(A)), and thus AV B = BV A, as wanted. [

Another variation is the one sketched in Section 2.12:

Proof (Variation Two). Since disjunction is typed, we have that A VvV B
defined implies A and B boolean. Using Lemma 2.9.7, the proof proceeds
as follows: From the assumption /po0(A) = True we have

AV B = Bisbool — if A then True else ~po0(B)
B is bool — True
= B is bool
= if B then True else True
= Ais bool — if B then True else ~po0(A)
= BVA

Likewise, if Apooi(A) = False, we have

AV B = Bisbool — if Athen True else ~po0(B)
= B s bool — ~pe0(B)
= Rbool(B)
= if B then True else False
= Ais bool — if B then True else ~}0(A)
= BVA

Hence, by Lemma 2.9.7 we have AV B = BV A. O

Finally, the third variation we shall state here uses the General Equi-
valence Lemma of last chapter. To use it properly, we will also need the
following type elimination/introduction rules:

Lemma 3.1.4
—-Ais bool <= A is bool
AV Bisbool <= Aisbool and A is bool
AN Bisbool <= Aisbool and A is bool
A — Bisbool <= Aisbool and A is bool

Proof. “=" follows from types of the respective functions. “<=" expresses
totality, and is easily proved in each case, using Lemma 2.9.7. O

The third variation on the proof of commutativity of disjunction now reads:
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Proof (Variation Three). By Lemma 3.1.4 we have
AV B is bool <= BV A is bool

Also, assuming AV B and BV A are boolean, we can show AV B =pqq B V A:
From AV B boolean we have A and B are boolean, and we can use Lemma 2.9.7

to prove the wanted. Hence, by general equivalence, we have Rpooi(A V B) =
Robool (B V A), and thus, again, AV B = BV A. O

The proof is, of course, quite like the second variation.

Having given three variations on a proof of commutativity of disjunction,
the question of which proof is “best” presents itself. Working with booleans,
a non-recursive type, the choice really doesn’t matter; Any of the variations
will do, though the first variation is probably the most simple of the three,
since it does not introduce any new assumptions. In the next chapters,
however, the third variation will win hands down. The reason is primarily
that it avoids dealing with bottom explicitly.

For equalities between maps of no equality type, when general equival-
ence can not be used, the situation is either extremely simple (in the case of
non-recursive types) or extremely bad (in the case of recursive types). More
on this in Chapter 6.

However we wish to prove them, the following standard equalities hold
for all maps A and B:

(AvB)vC = Av(BV(O)
ANB = BAA
(ANBYANC = AN(BACQ)
ﬂ(A/\B) = —-AV-B
-(AVvB) = -AAN-B
Ignoring explicit normalization, many more of the standard equalities,
e.g., AN True = Rpool(A) or 7(mA) = ~pool(A), also hold for all maps.
Others do not. For example, A V —A is only true for boolean A, i.e., if
A is bool. The closest we can get to the usual form is A is bool = AV -A
or AV —A = Ais bool — True.!

In the following we shall use tautologies of propositional logic without
proof.

3.1.1 Non-Strict Connectives

Once in a while it is inconvenient that the boolean connectives are strict.
To this end, we shall define non-strict versions of disjunction, conjunction,

1Since Ais o — True = Ais a, we could just have written A V =A = A is bool.
However, conceptually, we would then have had a boolean expression on the left hand side
of the equality, and a truth expression on the right, which would be bending the types a
bit. Likewise, we shall write A is a — False rather than the shorter =(A is «).
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and implication (there are, of course, only strict versions of negation and
bi-implication).

Definition 3.1.5 (Non-Strict Propositional Connectives)

AVB Y if Athen True else ~poo (B)
AAB % if Athen ~poq(B) else False
A>B def if A then ~o0(B) else True

Part of the price for non-strictness is that we cannot prove equalities like
AV B = BV A for arbitrary A and B, since, for example, TrueV L = True #
1L =1 VTrue.

It should be clear that non-strict disjunction, conjunction, and implica-
tion all have quasi-type bool = bool = bool.

3.2 Predicate Logic

Map theory has no truly universal quantifier, that is, no construct Az.B(x)
that is true exactly when B(C) is true for all maps C, and false otherwise.
(Nor one that is true if B(C) is true for all maps C' and either false or
undefined otherwise, for that matter.) As we have also mentioned several
times now, we also have no construct for equality, e.g., no function that
represents equality. What we do have, though, is a very large class of maps,
the classical, on which we have equality as well as universal and existential
quantifiers.

3.2.1 Classical Maps

As mentioned in the introductory chapter, the classical maps have been
introduced into map theory with a purpose: to allow a model of set theory
to be constructed. For this reason, their definition is indeed very technical,
and we shall only need some of their simpler properties. We will therefore,
without proof, state only the lemmas we will need for later developments.
As always, the details can be found in Grue [Gru01].

Lemma 3.2.1 classical is an equality type.

Apart from the constructs and properties that this entails, we have the
choice operator
ex.Ax)

also mentioned in the introductory chapter. From this we define the exist-
ential and universal quantifiers:
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Definition 3.2.2 (Existential and Universal Quantifiers)

E|.’E.A(JJ) dZEf %bool(ﬂ(el‘"’q(x»)
Ve Az) ¥ (F-(A@))

We have the following results about classical maps, the choice operator
and the quantifiers:

Lemma 3.2.3 (Universal Introduction) If A(B) holds for all classical
B then Vz.A(x).

Lemma 3.2.4 (Universal Elimination) IfVx.A(x) holds and B is clas-
sical, then A(B).

Lemma 3.2.5 (Existential Introduction) IfA(B) is boolean for all clas-
sical B and there exists classical C' such that A(C') then 3x.A(z)

Lemma 3.2.6 (Existential Elimination) If 3z.A(x) then A(ex.A(x))

The following lemma describes the type rules for the classical operators

Lemma 3.2.7 (Classical Type Rules)

ex. A(z) is classical <= Vx.(A(z) is bool)
Jz.A(x) is bool <= Vz.(A(z) is bool)
Vz.A(x) is bool <= Vz.(A(z) is bool)

In the following developments, we shall only need the following lemmas
for proving certain maps classical.

Lemma 3.2.8 N is classical.
Lemma 3.2.9 For all classical B, K‘B is classical.

Lemma 3.2.10 (Induction on Classical Maps) If one can prove

e A(N) and

e for all classical B, ~yoot(B) = Ax.N and Yz . A(B‘z) implies A(B).
then Vo . A(z).

Drawing on the connection with sets given in the introductory chapter, these
lemmas can be read as: ) is a set. For all sets B, {B} is a set. If we can
prove that A(0) and that, for all non-empty sets B, if A(z) holds for all
x € B then A(B) then A(-) holds for all sets.

Finally, we have the following congruence rules for the classical operators:
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Lemma 3.2.11 (Congruence of Choice) If A(C) = B(C) for all clas-
sical C' then
ex.A(x) = ex.B(x)

From this lemma, we can see that we also have congruence rules for the
quantifiers:

Lemma 3.2.12 (Congruence of the Quantifiers) If A(C) = B(C) for
all classical C' then
Jz.A(z) = Jz.B(x)

and

Vo A(x) = Va.B(x)

Proof. By the definitions of the existential and universal quantifiers, with
the congruence of the choice operator. O

3.2.2 Some Intuition

We can now try to sum up the properties of the classical operators: Intu-
itively, they all evaluate A(-) for all classical input. If A(-) loops, i.e., is
undefined, for any one of these, then the result of the whole construct is
undefined. If A(-) is boolean for all classical input, then

e the choice operator returns some classical map making A(-) true, or
just any classical map if A(-) is false for all classical maps,

e the existential quantifier returns true if any one of the classical inputs
make A(-) true and false otherwise, and

e the universal quantifier returns true if A(+) is true for all classical input,
and false otherwise.

For the quantifiers, their return value is uniquely described by the rules
and intuition above. The result of the choice operator, however, is not.
The term ez.True is classical is by Lemma 3.2.7, for example, but since any
classical map will make True true, ex.True may be any of these maps. By
the congruence rules, though, we can prove

ex. True = ex.if z then True else True

So although both terms denote arbitrary classical terms, we can prove that
they at least denote the same, arbitrary term.

The situation is similar for ez.A(x) when A(-) is not boolean for all clas-
sical input. This is because, while the intuition is that ex.A(z) is undefined,
the axiomatization of map theory does not capture this. Hence, cx.A(z)
is effectively unspecified: It may assume any value whatsoever, although
it will be provably equal to ex.A’(z) for any function A’(-) equivalent, on
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the classical maps, to A(-). In particular, although ez.1 “is” bottom, we
cannot prove it. Although mildly inconvenient at times, there is an easy
workaround. The term

(Vz.A(z) is bool) — ex.A(x)

has the behavior described above: It returns the same value as ex.A(z) when
A(-) is boolean for all classical input, and is bottom if not.

3.2.3 Types and Quantifiers

The cautious reader may have noticed a potential type problem with the
term
ex.if x then True else True

shown above: the function if - then True else True expects a boolean, while
the choice operator expects a function on classical maps. In general, we
would like the choice operator, as well as the existential and universal quan-
tifiers, to be polymorphic, or at least parametrized, such that we had a
quantifier V, x.A(x) for each type «, expressing that A(-) was true for all
input of type a. Obviously we would also want constructs for typed choice
and existential quantifiers. The term above could then rightly be written

€bool Z-1f  then True else True

As it is, any classical map is defined, and hence also a boolean. So
ex.A(x) can actually be thought of as testing A(-) for boolean input. But
does it also test A(-) for all boolean input? In one word: No. The map
Az.L represents false, but is not classical. Hence, if A(-) is false for all
classical booleans (boolean representatives that are also classical), but true
for Az.L (or other non-classical booleans)?, then Jz.A(x) would incorrectly
return false, although there in fact was boolean input satisfying A(-). If
A(+) has quasi-type bool = «, on the other hand, there is a solution: If all
strong booleans are classical (True and False, in other words) then if any
non-classical boolean B satisfies A(+), then ~poo(B), which is classical, will
also satisfy A(-). And, indeed, since True = N and False = K‘N, all strong
booleans are classical.

Quantifiers are of course vital for any serious development, and we will
construct our data types, as often as we can, to be able to use them. Needless
to say, while quantifiers can be removed for data types with a finite number
of elements, any recursively defined data type will be seriously hampered
without quantifiers. The simple types that allow use of quantifiers will be
called classical types, and are defined thus

20One needs to go out of one’s way to construct such a A(-), but since they exist we
of course need to handle them. (As an example, using the notation of the next chapter,
consider Vz.3y.x =« A‘y. This is false for all classical A but true for, e.g., A = Az.x.)
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Definition 3.2.13 (Classical Type) A simple type « is called a classical
type if all strong representatives of o are classical, i.e.,

Aisa = =,(A) is classical
and if there exists a function CLy(-) such that

e CL,(-) is a boolean predicate on the classical maps, i.e.,

Aisclassical == CLy(A) is bool

e of the classical maps, only those of type a satisfy CLqy (), i.e.,

Ais classical and CLy(4A) = Aisa

e CL(-) holds for at least all strong «, i.e.,

Aisa = CLg(=q(4))

In short, CL,/(+) is a predicate on the classical maps that is true for a subset
of a including the strong representatives.

As can be seen, the property of all strong representatives of a type be
classical has been adopted directly from the corresponding property of the
booleans. But the property that all classical maps represent some element of
« will sometimes be inconvenient; An example is the non-negative rational
numbers defined in Chapter 7. For such a type «, the expression Jz.A(+) will
be undefined even when A(+) is a total function of type a = bool, since there
will be classical maps that make A(-) loop. The solution we have chosen
is to have a predicate, the function CL4(+) in the definition above, to step
around the classical maps that are not of type a. Of course, if all classical
maps actually do represent «, then we can just let CL,(A) be True.

As has already been remarked:

Lemma 3.2.14 bool is a classical type.

Proof. Both True and False are, as mentioned above, classical. Hence A is bool
implies Apo0/(A) is classical follows using case distinction. Since all classical
maps are defined and hence booleans, setting CLpooi(A) = True allows us
to prove the rest of the properties. O

Further, we also have
Lemma 3.2.15 true s a classical type.

Proof. Setting CLye(A) = ifnil A then True else False allows us to prove
the desired properties. O
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and, as the name suggests,
Lemma 3.2.16 classical is a classical type.
Proof. Let CL¢jassical(A) = True. O

As examples of simple types that are not classical, we have pair and
defined; They both have non-classical strong representatives, e.g., (L, 1)
and Ax. L.

We can now define typed quantifiers as well as a typed choice operator.

Definition 3.2.17 (Typed Choice and Quantification)

£q . A(x) o ex.CL,(z) A A(z)
JarAlr) ¥ 30.CLa(z) AA(2)
Vo Az) ¥ Vi.CLa(z) = Az)

Before we prove the equivalents of Lemmas 3.2.3 through 3.2.7, note that
when CL,(-) = True then the typed versions of choice and the quantifiers
is just the normal, classical constructs.? Also notice that we have used the
non-strict versions of conjunction and implication in the definition above: If
we did not, the A(-) would be evaluated regardless of the value of CL,(+),
and any undefinedness of A(-) would “shine through”.

In the following proofs, we shall use

Lemma 3.2.18

AABisbool <— A= B is bool
<= A (Bis bool)

Proof. By distribution. O

Lemma 3.2.19 (Typed Universal Introduction) If« is a classical type
and A(B) holds for all B of type o then Vo . A(x).

Proof. Assume « is a classical type. We are to prove Vz.CL,(z) = A(x),
so assume B is classical. Then either CL,(B) is true or false. If it is false,
then CL,(B) = A(B) is true, regardless of the value of A(B). If CL,(B) is
true then B must be « (since B was classical), and by assumption we have
A(B). Again, CL,(B) = A(B) is true, and so CL,(B) = A(B) is true for
all classical B, as claimed. ]

3Except for a normalization, since, e.g., True A B = ~pooi(B). Should complete equality
be needed, using non-strict versions of implication and disjunction with the normalization
of the second argument removed will allow this, while all the proofs in this section go
through unmodified.
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Lemma 3.2.20 (Typed Universal Elimination) If « is a classical type,
Vo x.A(z) holds and B is o, then A(=y(B)).

Proof. Assume « is a classical type and Vq, x.A(z), that is, Vz.CL,(2) = A(x).
Assuming B is a, & (B) must be classical. Hence CLy (%4 (B)) = A(=a(B)).
But from B is a we have CL,(~(B)), and thus we have A(x,(B)), as
claimed. O

Lemma 3.2.21 (Typed Existential Introduction) For all classical types
a, if Vo x.(A(z) is bool) and there exists C' of type o such that A(=q(C)),
then 3, . A(x)

Proof. Assume « is a classical type. Assume further that V,, z.(A(z) is bool),
that is, Vo.CLqy(x) = (A(z) is bool). Finally, assume A(~,(C)) with C of
type a. Since C' is of type o we have CL,(~,(C)). Hence

CL.(~a(C)) AA(Ra(C))

To prove 3x.CL,(z) A A(z), we now only need to prove CL,(B)AA(B) is
boolean for all classical B. So assume B is classical. Hence

CL,(B) = (A(B) is bool)
by the assumptions, and so CL,(B) AA(B) is bool by Lemma 3.2.18.  [J

Lemma 3.2.22 (Typed Existential Elimination) If« is a classical type
and 3o x.A(x) then Aley z.A(x))

Proof. Assume « is a classical type and 3, z.A(z), that is, 32.CL,(x) A A(z).
Hence
CL, (ex.CLy(z) AA(2z)) AA(e2.CLy (2) A A(x))

and thus A(ex.CLy(x) A A(z)), which is equal A(e, z.A(2)). O

The type rules for the typed constructs are completely analogous to the
classical versions:

Lemma 3.2.23 (Typed Classical Type Rules) For all classical types o
we have

£q T.A(x) is classical < V,z.(A(zx) is bool)
Jo z.A(z) is bool <= V,x.(A(x) is bool)
Vo x.A(x) is bool <= V,xz.(A(z) is bool)
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Proof. Using Lemma 3.2.18, all rules are easily proved using the classical
type rules. The first two follow by

Vz.CLy(x) AA(z) is bool <= Vz.CL,(x) = (A(z) is bool)
the last by
Vz.CLy(2) = A(x) is bool <= Vz.CL4(x) = (A(z) is bool)
O

Concluding our introduction of typed choice and quantifiers, we note that
the central lemmas are completely analogous to their classical counterparts.
Only typed existential introduction and typed universal elimination differ
a bit, with an explicit normalization creeping in. In practice this will, as
always, seldom be a problem. (In the next section, unfortunately, it will.)

3.2.4 The Missing Function Type Constructor

We will conclude this chapter with a discussion on the missing function type
constructor of the last chapter. The problem was to find a function F(-, )
such that for all simple types a and (3, F(«, 3) would be the type of functions
of type a = (.

The normalization function is easy to write, if we assume -is a = (
given:

Nomp(F) = Fisa= o Aeas(F(ra())

Assuming - is o = [ is strict, then the function ~,=g(:) above is clearly
strict and idempotent, as we would want.

The problem is, of course, to define - is a = (3, i.e., capturing the prop-
erties of a function of type a = (. Recalling the definition, we want
Fis a = ( to be true if and only if

1. Fl =1,
2. for all A and A, ~,(A) = ~,(A’) implies F*A = F*A’, and
3. for all A, ~p(FA) = FA.

We shall have to abandon the third requirement: In general we cannot
capture that a map A is a strong representative of a simple type «, i.e.,
~o(A) = A. The third requirement is, as should be expected by now, also
a problem. Lowering our expectations somewhat, we shall be satisfied if
Fis a = 3 it true exactly when, for all A and A’ of type «,

Ro(A) = mo(A) =  ~p(FA) = ~g(FA)
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If a or 8 is not an equality type, then we have no chance getting this into
a single term, so we will assume that both o and 3 are both equality types.
If « is also a classical type, we can try

Fisa= ﬁ = %true(va Y r=aly — Fy =3 F‘y)

As when we defined the typed quantifiers, there will be problems if F' is not
total on a. So let’s assume F' is total for the moment: Using the typed
universal elimination, we can from Fisa = 3 and A and A’ of type «
conclude

Ra(A) =a~a(A) = Fira(A) =p Fira(A)

Simplifying, this amounts to A=, A" — F‘~(A) =5 F‘~4(A’). So assum-
ing A=, A’, we can conclude F‘~,(A)=3F‘~,(A"), which is trivial: It
follows from the reflexivity of =3 on 3. The problem is that our version of
typed universal elimination was formulated as to keep classicality out. One
could prove a version like

Lemma 3.2.24 If « is a classical type, Vo x.A(z) holds and B is a classical
a, then A(B).

with which we could, from the assumption that F'is o = (8 was true and
A=, A for A and A’ classical of type «, conclude F*A=g F*‘A’.

We have been assuming that F' was total on «. If it isn’t, one could
use a trick similar to the one used for typed choice and quantification: us-
ing a term, perhaps called CLp(-), that was a predicate on a such that
CLr(A) was true exactly when F*A was defined. (Then, of course, our type
of functions of type o = (3 would actually have pairs (F, \z.CLp(x)) as
elements.)

As is hopefully clear, no neat solution to the definition of a functional
type constructor has presented itself. In a nutshell, the problem is that types
might have, and often do have, non-classical representatives, which are hard
to capture using either the typed or classical quantifiers. One could of course
demand that types only ever had classical representatives, effectively adding
a guard A is classical — - to all type membership functions A is «, but this
would overly complicate many of the simpler types, and seems unnecessary:
The lack of a function type constructor has not, it seems, impeded the
formalization in the following chapters.

Finally, one can add that if such function type be classical, then, since
all classical maps are strongly terminating (for classical input), this would
mean that all the strong representatives of the function type would be total,
and hence that all typeable functions would be total on the classical maps.
Thus, a function type admitting partial functions could only hope to be
simple anyway, and the value of such a type diminishes further.
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Chapter 4

Set Theory

In this chapter we will sketch the formalization of set theory in map theory.
The formalization is, needless to say, very technical, and since the entire
development is painstakeingly spelled out in Grue [Gru0O1], we will just try
to give an impression of how sets are modelled and how the definitions of
the usual set theoretic constructs look.

As briefly described in the introduction, any classical map will represent
a ZFC set. To begin with, nil represents the empty set

0 =N

Since the classical maps are closed over application, we let any non-nil clas-
sical map A represent the set consisting of the sets represented by the clas-
sical maps in the image of the classical maps under A. Regarding set mem-
bership, we have A € B roughly when A is in the image of B, that is, when
there exists a classical C' such that A is equal to B‘C. Perhaps after see-
ing the definition of equality between sets, the representation will become
clearer:

True
False
False
(Va.Jy. A'c =gt B'y) A (Vo.Ty. A'y =t Bx)

wr ifnil B {
A= B = ifmilA

ifnil B {

That is, the empty set is equal to only itself, and any non-empty set A is
equal to the non-empty set B if for every C' in A, C is also in B and vice
versa.

With equality defined, membership has a straightforward definition:

AeB 4f fnil A then False else do. A=t B‘x
The subset relation is defined the usual way:

ACB def Veyxe A—-zxze€B
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4.1 Finite Sets

Rather than defining the doubleton set {A, B} directly, we shall define the
operation of adding, or inserting, a set into another. Defining

KB

. . def .p .
insert Binto A = ifnil 4 { Az.ifnil z then B else A‘(2‘N)

we automatically have a uniform notation for all finite sets.

Noting that K‘B is equal to the singleton set consisting of B, the defin-
ition is easily read: If A is N, that is, if A is (), then AU {B} is just {B}.
Otherwise we must “insert” B into the range of A. To this end, we use the
fact that for all classical maps A, there exists a classical map B (K‘A, for
example) such that A equals B‘N.

Using the insertion function just defined, the syntax of finite sets can
easily be handled. Just define

0 ifn=0
insert A, into {A,,_1,...,A;} otherwise

{An,... A} & {

With this, we can make two quick sanity checks: First, we have {A} = K‘A,
as wanted. Second, we have
{A,B} = insert A into {B}
= insert A into K‘'B
= \z.ifnil z then A else (K‘B)‘(2‘N)
= Az.ifnil z then A else B
= (4,B)

Hence, our definition of doubleton sets coincides with that of Grue [Gru01].

4.2 Comprehension

Set comprehension is defined thus

Az.if B(A‘z) then Az else ex.x € AN B(x)
0

{r e AB(x)} ¥ if Jvx e AAB(2) {

and reads very intuitively: Either there exists an x such that x € A and
B(z) or not. If not, then obviously {z € A|B(z)} is the empty set. If there
does, we consider all the elements of A. If B(-) holds for them, we pass them
right through. Otherwise, we just pass on some element of A satisfying B(-).
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4.3 Union

Using set comprehension just defined, we have the skeleton for defining the
union set constructions:

UA &t {r e U(A)|Ty.xeyny € A}

where U(A) is a specially constructed superset of | J A:
def ( (
U(A) = Nz.A'(fstz)‘(sndz)

As z goes through all classical maps, it also goes through all pairs of classical
maps, and thus U(A), as a set, includes the members of the members of A.
However, should A include the empty set, then, since (B = () for all B,
the empty set will also be in U(A). In short, U(A) might well be a true
superset of | J A, which is why we must explicitly pick out the relevant sets
by comprehension.

4.4 Power Set

We define the power set operator by
def
pA = {xeP(A)x C A}

where P(A) is the superset of pA defined by

def

P(A) Az.ifnil z then () else \y.A‘(z‘(A‘y))

Proving that P(A) includes all subsets of A is somewhat more involved, and
we can unfortunately offer no intuitive argument for why it looks like it does.

4.5 Infinity

We construct the “usual” infinite set:
AT E AU

w % A\z.ifnil # then 0 else (w'(z*N))™

By succesively applying N, Az1.N, Azix2.N, etc., we see that w comprises
the sets 0, (0)*, ((0)")*, and so on.
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4.6 Choice Operator

As the choice operator, we can use the usual choice operator:

def
A £ exaxeA

4.7 Axioms

In the axioms of ZFC, we use the following predicate on contexts

setpred P(-) def Vay.x =set y — P(x) < P(y)
With the definitions given in the previous sections, we are able to prove that
the axioms of ZFC given in Grue [GruOl] are provable in the form stated
below.

Voy.o =sty <« (V2.2 € = 2 €y) (z-q)

Vryz.o =set Y — (T =set 2 — Y =set 2) (z-€)

Vay.& =set Y — LT =set LY (z-a)

setpred A(:) = Vy.3z.Vo.x € z — (x € y AN A(x)) (z-8)
Veyz.e € {y, 2} — (T =set Y V T =get 2) (z-p)

Ve.x &0 (z-n)

Vay.x € Uy — (JzxezNnzey) (z-u)

Vey.x € py «— (Vzz €x — z € y) (z-w)
DewA(Vrzew— a2 €w) (z-1)
Vu.setpred A(u, ) = Vz.JyVe.x € z A (Fu.A(u,z) — (Fuu € y NA(u, x))
(z1)

VI.x #set ) — 1x € T (z-c)

Vi.x#eet) — (3z.z € 2 A—(Fuu € z Au € 2)) (z-d)

The lemmas z-mp, z-gen, and z-al through z-a5 from [Gru01] are tautologies
of first order logic.

54



Chapter 5

Natural Numbers

We now turn to formalize the natural numbers and parts of elementary
number theory. This will be needed to formalize the rationals, and then
later the reals. The techniques and considerations used in Chapters 2 and 3
will be used here, and we will brush over many of the, hopefully, now familiar
details. There is one thing, though, that makes the natural numbers, and
hence many of the constructs of elementary number theory, stand out: They
are recursively defined. This will give rise to new problems, which will be
the main focus of the present chapter.

5.1 Defining the Natural Numbers

As the booleans are the foundation for propositional logic, the natural num-
bers are the foundation for elementary number theory. We are looking to
define a classical equality type nat with constants 0 and Suc(:), satisfying
the properties captured in the famous Peano axioms. The version of the
Peano axioms we shall use are these:

1. 0 is a natural number.
2. For all natural numbers A, Suc(A) is a natural number.
3. For all natural numbers A and B, if Suc(A) =nat Suc(B) then A =n,¢ B.

4. 0is not the successor of any natural number, i.e., if A is natural number
then 0 #nat Suc(A).

5. If P(0) and for all natural numbers B, P(B) implies P(Suc(B)) then
P(A) holds for all natural numbers A.

(Incidentally, the Peano axioms started life much like the lambda calculus:
As part of a larger system intended to serve as a foundation for mathem-
atics. After the larger system was found to be irreparably inconsistent, the
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Peano axioms and lambda calculus were salvaged from their respective sys-
tems as useful sub theories. Peano’s original paper can be found in Van
Heijenoort [vH67].)

The model of the natural numbers we shall use in the following is one
where the natural number n will be strongly represented by the term

Axy... 25N

. The following definition will serve us:

Definition 5.1.1 (nat)

Aisnat ' ifnil A then True else (AN is nat)
nat(A) % Ais nat v ifnil A then N else K(~nat(A'N))
0 ¥ N

Suc(4) % Ais nat — Ki(~par(A))

As can be seen, our definition of - is nat accepts as natural numbers
any term that, after applying it to nil a finite number of times, returns
nil. Obviously, our intended strong naturals will be accepted. Also, any
classical map will be a natural number: Thinking in terms of sets, assume
A to be classical. Applying it to nil amounts to taking an element out of
A. Since A is a set, it is of course well-founded, and so repeatedly picking
out an element of A, then an element of this set, and so on, must eventually
reach the empty set. Since all the strong representatives can be written on
the form K‘(--- (K‘N)--+), they are clearly also classical, so we see that the
requirements for a classical type are satisfied.

But we’re getting ahead of ourselves: We first must prove that the nat-
ural numbers constitute a simple type. Since the natural numbers are re-
cursively defined, this is not quite as simple as the case was for, say, the
booleans. Proving, for example, that ~nat(-) is idempotent will need to use
induction on the natural numbers, although these have not yet been defined
yet. Here minimality of the Y-combinator comes to our rescue: It allows us
to have a rudimentary induction principle for recursively defined functions.

Before proving nat is a simple type, we shall give some general directions
on how to formalize recursive definitions, as well as prove some basic prop-
erties that will often be useful. For the time being, we will assume that we
wish to construct a map F' with the property

FA = C(F, A) (5.1)

Using the Y-combinator, such an F' is easy to define:

F Y vy(\fz.e(f z) (5.2)
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Using the fixed point property of the Y-combinator, that for all B we have
Y‘B = B‘(Y‘B), we can easily verify Equation 5.1:

FA = Y(\fzC(f,z)) A
= (\f2.C(f,2)) (Y (Mz.C(f,2)))A
= (Mz.C(f,z)FA
= (\.C(F,z))A
— C(F,A)

By the same method, we can of course solve the equation
FA) A, =C(F, Ay,..., Ap)

by setting F' equal
YiAfry...2n.C(f,21,...,2p))

Returning to the F' defined in Equation 5.2, we shall often want to prove
statements like

F‘A<GA

If, for example, ' and G are recursively defined, we may be able to prove
F'A < G‘A and G‘A < F‘A, and then use the anti-symmetry of =< to
conclude F*A = G*A.

Using the minimality of the Y-combinator, we have

Lemma 5.1.2 (Minimality of Recursive Definitions) Assume F is equal
to Y{(Afx.C(f,z)) and G is a function. Then if

C(G,B) < G‘B

for all maps B, then
FFA<GA

holds for all A.

Proof. Assume F' = Y'(Afz.C(f,x)) and that C(G,B) = G‘B for all B.
Hence A\z.C(G,x) < Ax.G‘z, and so (A\fz.C(f,z))'G < Ax.G‘z. Since G is a
function, we have G = Ax.G‘z, and so we’ve shown that

Afz.C(f,z))G <G
Thus, using minimality of the Y-combinator, we have
F=Y‘\fz.C(f,z)) <G

Given A, using monotonicity, we arrive at FA < G‘A, as claimed. O
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Returning to our current main purpose, proving that nat is a simple
type, we will now state the minimality results corresponding to - is nat and
~nat(+). First, perhaps, we should define how we exactly define

Lemma 5.1.3 (Minimality of - is nat) If
ifnil B then True else C(B‘N) < C(B)

for all B, then
Ais nat < C(A)

for all A.

Proof. Since the precise definition of - is nat is
A is nat = Y¢(Afx.ifnil = then True else f‘(z‘N))‘A

we let
F =Y‘(\fx.ifnil z then True else f‘(x‘N))

and G = Az.C(z) in Lemma 5.1.2, which proves the wanted. O
By a similar reasoning we also have

Lemma 5.1.4 (Minimality of ~,.:(+)) If
B is nat — ifnil B then N else K‘(C(B‘N)) < C(B)

for all B, then
~nat(A) X C(A)

for all A.

Since the statement and proof of these minimality results is so mechan-
ical, we shall, in the following, use the minimality of this or that recursively
defined function without having explicitly stated such a lemma, or calling
for Lemma 5.1.2.

We are now ready to prove some properties of - is nat and ~pa(-) that
will be useful later.

Lemma 5.1.5 For all A we have A‘N is nat = A is nat.

Proof. By case distinction on A. O

Lemma 5.1.6 For all A we have (~nat(A)) is nat = A is nat.
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Proof. We shall prove the claimed equality be anti-symmetry of <: By min-
imality of - is nat we shall first prove

Ais nat = (=pat(A)) is nat
Assume B given, we wish to prove
ifnil B then True else (~nat(B‘N)) is nat < (~nat(B)) is nat

Using minimality of ifnil, first assume =2,00t(B) = N. Then both sides of
the ordering are equal to True, and the ordering follows by reflexivity of <.
Now assume ~o0t(B) = Az.N. Using Lemma 5.1.5 we have

(Rnat(B)) is nat = (~nat(B‘N)) is nat

and, again, the ordering follows by reflexivity of <.
From the first half of the proof, we have A is nat = (=pat(A)) is nat.
Using this, we have

(=nat(A))isnat = Aisnat+— (=nat(A)) is nat
< Ais nat

concluding the proof. O
Lemma 5.1.7 For all A and B we have (=nat(A))'B = ~pat(A‘N).

Proof. By case distinction on A. O

We are now ready to prove that ~n,¢(-) is idempotent. At first, one
might try to prove it using anti-symmetry of < and minimality of /2,¢(-).
However, while minimality will allow us to prove

~nat(A) = Rnat(Fnat(4))
it will be of no help in proving the opposite

%nat(%nat(A)) = %nat(A)

since trying to prove this ordering with minimality gives us the obligation
of showing
ifnil B then N else K‘~p1(B‘N) < B

for all B, which is obviously false. In this case, we have found, there is no
option but to use the strongest tool available to us: Extensionality.

Lemma 5.1.8 =~,.t(+) is idempotent.
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Proof. We are to prove
%nat(%nat(A)) = %nat(A)
for all A. Using extensionality,

%root(%nat(%nat(A))) - %root(%nat(A))

follows by case distinction on A, and we are to come up with some function
C(+,-) such that

(%nat<%nat(A)))‘B = %nat(%nat((%Aa B)))
(mnat(4))'B = =nat(C(4, B))
But using Lemma 5.1.7, we see that C(A, B) = A‘N will do the trick. O

Lemma 5.1.9 nat is a simple type.

Proof. - is nat, and thus ~,,¢(-), is obviously strict. Idempotency of ~zpat(+)
was proved in Lemma 5.1.8. Finally, we must prove

Alisnat <= ~nat(A) is defined

“«<=" follows directly by the definition of ~nt(+). “=" is proved by show-
ing

A is nat < =pat(A) is defined
by minimality of - is nat. Finally, ~.e(A is nat) = Ais nat for all A is
easily proved using minimality of A is nat. O

We will now prove that the constructors 0 and Suc(-) are of the correct
types:

Lemma 5.1.10 0 is a natural number.

Proof. Straightforward. O

Lemma 5.1.11 Suc(-) has type nat = nat and is total on the natural num-
bers.

Proof. Suc(-) is clearly strict. Assume ~pat(A) = ~pat(A’). Then by defini-
tion of the successor function, we will have Suc(A) = Suc(4’). Next,

at(4)))
~nat(4)))
~nat(4)))
4))

~nat(Suc(4)) = =pat(A4is nat— K

= Aisnat — ~p(K

4

= Aisnat — K‘(xpat

(~n
(
(
= Ais nat — K‘(=nat(

= Suc(4)
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So Suc(-) has the claimed type. Finally, assume A is natural number. Then
Suc(A)isnat = (Aisnat— K'(=nat(A))) is nat
(K‘(~nat(A))) is nat
= (=pat(4)) is nat

= Aisnat
and we conclude that Suc(-) is total on the natural numbers. O

We already argued that nat was a classical type. To actually prove it,
we shall use induction on natural numbers.

Lemma 5.1.12 (Induction on Natural Numbers) If
1. A(0) and
2. for all natural numbers C, A(C) implies A(Suc(C))
then if B is a natural number we have A(~nat(B)).
Proof. We first prove
B is nat < ~rue((B is nat — A(=nat(B))))

by minimality of - is nat and the first two assumptions. Using the assump-
tion that B was a natural number, we get A(=nat(B)), as wanted. g

Note that this lemma does not allow us to use induction to prove an equality
A = B; Only terms can be proved true. The problem is, as always, that we
cannot capture the equality A = B in a term, and so the proof given above
breaks. We have not been able to come up with an induction principle for
general equations.

Now, finally,

Lemma 5.1.13 nat is a classical type.

Proof. We have just proved that nat is a simple type.

Further, any classical map is a natural number: Using induction on
classical maps (Lemma 3.2.10), we are to prove N is a natural number,
which it clearly is. Further, for arbitrary A, assuming Vz.A‘z is nat, we
are to prove A is nat. But N is classical, so from the assumption we have
AN is nat, which by Lemma 5.1.5 is equivalent to A is nat, as wanted.

We will prove all strong natural numbers are classical by induction on the
natural numbers: =2,,:(0) = 0 is classical. Assuming A is natural number
and ~nat(A) is classical, we have

~nat(Suc(A4)) = Suc(A)
= Aisnat — K‘(=pat(4))
= K‘(%nat(A»

and hence ~n,t(Suc(A)) is also classical. This concludes the proof. O
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We have at this point proved Peano’s first, second, and fifth axiom. To
prove the last two, we will have to define equality between natural numbers.
As was the case with the other equality types, we shall first define a case-
construct:

Definition 5.1.14 (Case-construct for Natural Numbers)

B

case Aof 0 = B | Suc = G({L‘) d:ef A is nat +— ifnil A{ e(%nat(A‘N))

Lemma 5.1.15 The function case - of 0 = B | Suc x = C(z) has the type
nat = defined.

Proof. Tt is clearly strict. Now assume ~2p,t(A) = ~pat(A’). Hence A is nat =
A’ is nat, and thus the definedness of both case A of 0 = B | Suc z = C(x)
and case A’ of 0 = B | Suc z = C(z) implies A is nat and A’ is nat. Using
Lemma 2.12.1, we can therefore assume that A and A’ are both natural
numbers. Using this and distribution over ifnil we can now prove

%root(A) = %root(%nat (A))

[
2
&
n
B

The last fact we shall use is

%nat(A‘N) = %nat(A)‘N
znat(A’)‘N
= %nat(A”N)

which holds by Lemma 5.1.7. Piecing the facts together we have

B

C(~nat(A'N))
B
C(~nat(AN))

= case A’ of 0 = B|Suc = = C(x)

case Aof 0= B |Suc z = C(x) = AisnatHifnilA{

= A’ is nat — ifnil A’ {

as wanted. O

We also have
Lemma 5.1.16 case 0 of 0 = B | Suc =z = C(z) = B
Proof. Straightforward. O

Lemma 5.1.17 If A is a natural number, case Suc(A) of 0 = B | Suc =z =
C(z) = C(~nat(4))
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Proof. Assume A is natural number. Hence Suc(A) is also a natural number.
Also,

Suc(A) = Aisnat— K‘(=pat(A))
= K'(=nat(4))

Therefore, we have

case Suc(A) of 0 = B |Suc z = C(z) = Suc(A) is nat — ifnil Suc(A) { é%“at(SUC(A)‘N))
ep e B
= ifnil Suc(A) C(~nat(Suc(A)‘N))
= C(=nat(Suc(4)'N))
= C(=nat(K‘(nat(A))N))
= C(=nat(nat(4)))
= C(=nat(4))

as claimed. g
Lemma 5.1.18 (Distribution over casenat) If P(L) = L then

P(case Aof 0= B |Suc z = C(z)) = case A of 0 = P(B) | Suc =z = P(C(z))

Proof. By distribution over guards and ifnil. O

Before continuing, we shall prove an elimination lemma similar to the
one given for the booleans.

Lemma 5.1.19 (Elimination of Natural Numbers) If

1. =pat(C) =0 implies A = B

2. for all natural numbers D, =n,t(C) = Suc(D) implies A = B
then if C' is a natural number, A = B

Proof. Assume C is a natural number. Hence C' is defined, and the root of
C' is either nil or Az.N. If it is nil, then ~,,:(C) = 0 and we have A = B by
the first assumption. If /A00t(C) = Az.N then

Suc(C‘N) = (C‘N) is nat — K*(=nat(C*N))
= (s nat — K‘(=nat(C‘N))
= %nat(c)

Since C*N is natural number by Lemma 5.1.5, we can use the second as-
sumption to get A = B, as wanted. O
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We then have the following minimality result:
Lemma 5.1.20 (Minimality of casen.t) If

1. =pat(A) = 0 implies B < D and

2. for all natural numbers E, ~pat(A) = Suc(E) implies C(E) < D
then case A of 0 = B |Suc =z = C(z) < D.

Proof. If Ais not a natural number, the left hand side is undefined and hence
trivially less than D. So assume A is natural number. Using elimination on
A the result is easily obtained. O

We now proceed to define equality on the natural numbers. A natural
definition is

case Aof 0 = case B of 0 = True | Suc y = False

A: B =
nat | Suc z = case B of 0= False | Suc y = x=paty

There is, however a slight problem with this definition: We will want to
prove that =,,¢ has type [nat, nat] = bool, and hence we want to prove

%bool(A —nat B) =A —nat B

for all A and B. We would like to use induction for this, but in order to do so,
we must translate the equation above into a term. However, general equival-
ence will not do the trick, since after proving ~peoi(A =nat B) =nat A =nat B
for all natural numbers A and B, we can only conclude

%bool(%bool(A —nat B)) = ool (A —nat B) (53)

which is trivial. Minimality will also fail us, and extensionality ought to be
unnecessary.

It so happens that we can, in fact, capture the strong booleans in a term,
i.e., we have a function 8(-) with the property that

S(A) — %bool(A) =A (5.4)

The trick is to see that True and False are the only terms with property that
they return nil when applied to bottom. Nil obviously has that property,
and if a function F' satisfies F*1 = N then for all B we have

N=F'1<F'B

implying F*B = N for all B. We can then use extensionality to prove
F = KN = False. In any case, any map B with B‘L = N must be either
True or False. Thus, defining the function 8(-) by

S(A) = AL
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we can prove Equation 5.4. We can use 8(-) in the proof of Equation 5.3,
by first proving
Vnat yS(A =nat y)

by induction on A (since =pat is clearly strict in both arguments, we can
assume A and B to be natural numbers by Lemma 2.12.1). Using typed
universal elimination, we can have S(A =pat(~nat(B))), and thus

%bool(A :nat(%nat(B))) =A —nat (%nat(B))

by Equation 5.4. Using the type of casen,t this can then be simplified to
Equation 5.3.

So the definition of =,5; above allows us to prove that =,,; has the correct
type by induction. But this is only due to the existence of §(-), capturing
the strong booleans. This is, however, a very rare property in a simple type:
Besides the booleans (and truth, of course), we have only been able to prove
a similar result for the natural numbers.! Since we can not, in general,
capture the strong representatives of a simple type «, we will adopt the
same technique for all recursive definitions: Adding explicit normalization
to all recursive calls. Thus, the definition of equality on natural numbers we
will actually use is this:

Definition 5.1.21 (Equality on Natural Numbers)

case Aof 0 = case B of 0 = True | Suc y = False

A=t B = | Suc x = case B of 0 = False | Suc y = ~pool(T =nat ¥)

Now the proof of the following lemma is straightforward.
Lemma 5.1.22 =, has type [nat, nat] = bool.

Proof. =pat is clearly strict in both arguments. Assume ~2p,t(A) = ~2pat(A')
and ~pat(B) = ~nat(B’), then A=, B = A’ =pt B’ follows from the type
of casenat. Finally, Xpooi(A =nat B) = A =pat B follows by distribution over
casepat- O

We are ready to prove
Lemma 5.1.23 nat is an equality type.

Proof. (Correct Type) =pat has the required type by the previous lemma.
(Totality) is proved by proving Vnat y.((A =nat ) is bool) by induction on
A. Hence A =pat(~nat(B)) is bool by typed universal elimination and thus
A =pat B is boolean by the type of =n,t. (Reflexivity) is also proved by in-
duction. (Reflection) is the biggest hurdle. It is proved using extensionality
on
(A:nat B) = %nat(A) = (A =nat B) = %nat(B)

'The function §(-) given by §(A) = ifnil A then True else §(A‘L) captures the strong

natural numbers. The proof is tedious and uses extensionality.
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on both arguments simultaneously (this is done by technically coding up
the functions above as single-argument functions taken the pair (A, B) as
argument). O

With the definition of equality given, Peano’s second and third axioms
follow immediately. This concludes our formalization of the natural num-
bers.

5.2 Arithmetic

We now have all the tools to make a quite standard implementation of Peano
arithmetic. The definitions of addition and multiplication read

Definition 5.2.1

A+nat B %/ B is nat — case A of 0 = =pat(B) | Suc z = Suc(x +nat ~nat(B))

A Xnat B def Bisnat+ case Aof 0= 0| Suc & = B +nat T Xnat Fnat(B)

As can be seen, these are straightforward definitions; We have only added a
guard and explicit normalization to each definition. These additions serve
to ease the proof of the next lemma.

Lemma 5.2.2 - +p,t - and - Xnat - are both of type [nat, nat] = nat.
Proof. By the type of and distribution over casepat. O

We can now easily prove the standard equalities

O+nat B = %nat(B)

Suc(A) +nat B = Suc(A +nat B)
OxnteB = 0

Suc(A) Xpat B = B +4nat A Xpat B

and on the whole, there are no surprises in our formalization of arithmetic.
Further, with

Definition 5.2.3

d
A <pat B ZEf Fnat . A +nat T =nat B

A <nat B o A<t BANA#nae B

we can prove that we have a linear ordered ring.
The only slight deviance from “normal” practice is our definition of sub-
traction, which we use for showing the cancellation law of addition. Instead

of defining an explicit function, we have chosen to specify subtraction ab-
stractly:
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Definition 5.2.4
d
A—nat B :ef B <pat A— %nat(fnat Z.B +nat © =nat A)

Remembering choice—also typed choice—is not provably strict, we have

added a guard, to make sure that subtracting B from A is undefined if B

is greater than A. If not, we choose some natural number C such that

B +pat C =nat A. We then later prove that the choice is unique, that is, if C'

is any number with the property just stated, then ~p.t(C) = A —nat B.
The type rules for subtraction are

A—patBisnat — B <t A

and
B<natA — A—pn Bisnat

and using these, the fact that subtraction is a partial function is, in itself,
not a problem. Obviously, the equation

A “nat B —nat c = A —nat C +nat B

has to be qualified; If B is greater than A then the left hand side is undefined,
while the right hand side is always defined. But if we had made subtraction
total, for example, by defining A —,.t B to be zero when B is greater than
A, or perhaps just an arbitrary value (such as ~zpat(e2.True)), we would still
have to qualify the statement.

The definitions we have used to formalize the the results of elementary
number theory which we shall need in the later chapters, specifically the
chapter on the real numbers, are as follows:

Definition 5.2.5

def ~nat(A)

AmodB = if B=,0V A<, B

t t { %nat(<14 “nat B) IIlOd (%nat(B)»
AdivB % if B=, 0V A <y B4 °

o T nat nat Suc((A —nat B) div (=hat(B)))
def ) case Bof 0 = =,,:(A)

ged(4,B) = Aisnatr— |Suc © = ~nae(ged(B, Amod B))

Adivides B Y 3024 X oot # =nat B
A ~nat B dZEf B ?énat 0 (B divides A) = %nat(enat z.B Xnat L =nat A)

From these we can prove, for example, that for all natural numbers B,
(Adiv B) Xpat B +nat (Amod B) = ~pat(A)
and for all natural numbers A and B with 0 <n.t B we have
Amod B <+ B

The proofs and results we shall use later are standard, and there are no
surprises in the implemention of them in map theory.

67



Chapter 6

Pairs and Lists

In this chapter, we will define typed pairs, which we shall use for defining
both the non-negative rationals as well the rationals. Also in this chapter is
the development of lists.

6.1 Pairs

The typed pairs will be constructed by simply adding types to the basic
pairs. That is, a typed pair (A, B) .3 will just be the pair (=,(A),~g(B)),
or undefined if either A is not « or B is not 3. The exact definition is

Definition 6.1.1 (Typed Pairs)

Pisaxf def case P of (a,b) = aisa+— bis
Rasxg(P) “ pisax B+ case P of (a,b) = (=q(a),~3(b))
We have the following lemmas

Lemma 6.1.2
(A,B)isaxff <= Aisa and Bis [}
Lemma 6.1.3 If A is a and B is 3 then
Raxp((4, B)) = (=a(A4), ~5(B))
Lemma 6.1.4 If P is a3 then P is pair.

We will now prove

Lemma 6.1.5 If a and § are simple types, then so is a * [3.
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Proof. Assume « and 3 are simple types. ~q.3(+) is clearly strict. Further,
in proving idempotency, i.e.,

Naxs(Faxs(P)) = Raxp(P)

we can assume P is a * 0 by Lemma 2.12.1. Hence P is also a basic pair.
So assume ~Rp,ir(P) = (A, B). We now have

Roid(Rasp(P)) = =ap(Pis ax [ — case P of (a,b) =
= Pisax 3+ case P of (a,b) = =q.p
= Pisax 3 — case P of (a,b) = (=o(~a(a))
= Pisax 3 case P of (a,b) = (=q(a),~3(b))
= %a*ﬁ(P)

Finally, we need to prove

Pis ax [ = ~qa3(P) is defined

but

Raxg(P) is defined = (Pis a3 case P of (a,b) = (=q(a),~3(b))) is defined

Pis a* [+ case P of (a,b) = True

Pis ax [+ Pis pair

Pis ax(— True
= Pisaxpg

as claimed. O

Lemma 6.1.6 (Elimination of Typed Pairs) If P is o * 3 and for all
A of type a and B of type B, =asp(P) = (Ra(A),~p(B)) implies D = E,
then D = E.

Proof. Assume P is a* 3. Then P is pair, and so assume ~p,ir(P) = (4, B).
Hence

Pisax(3 = case Pof (a,b) = aisar bis

= aisar—bisj
And so we have A is a and B is §. Further,

~axg(P) = Pisaxf— case P of (a,b) = (=a(a),~3(b))
= case P of (a,b) = (=a(a),~3(b))
= (~a(A),=5(B))

The conclusion D = F now follows from the assumptions. ]
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Lemma 6.1.7 If o and B are classical types, then ax (3 is a classical type.

Proof. Assume P is a* 3. We can assume A and B given such that A is a,
B is # and =a.3(P) = (=a(A),~3(B)). In other words, any strong typed
pair will be of the form

(~a(A),~5(B))

Since o and [ are classical types by assumption, it follows that ~,(A) and
~g(B) are classical, and so ~,.g(P) is classical (the pairing construct in set
theory is just our basic pair construct).

Setting CLq.3(P) = case P of (a,b) = CLy(a) A CLg(b) allows us to
prove the rest of the requirements. ]

The definition of the case construct for typed pairs is straighforward:

Definition 6.1.8 (Case-construct for Typed Pairs)
case P of (a,b)a+3 = C(a,b) Y pisax ( +— case P of (a,b) = C(=q(a),~(b))
Lemma 6.1.9 case - of (a,b).3 = C(a,b) has type o * [ = defined.

Proof. Tt is clearly strict. Assume ~q.3(P) = Rass(P’). We can assume
both P and P’ to be a * 3, and thus both are pairs. We therefore assume
A, A’, B and B’ given such that ~p,ir(P) = (A, B) and ~p,i(P') = (A', B).
We can also prove A and A’ are of type o and B and B’ are of type 3 and
that, also, ~aes(P) = (Ra(A), %5(B)) and Raes(P') = (Ra(A'), %s(B").
Thus

(Ra(A),~5(B)) = (ma(A), ~3(B"))

and hence ~y(A) = ~q(A") and ~3(B) = ~g(B’). We finally prove

case P of (a,b)a.5 = C(a,b) = PisaxfB— case P of (a,b) = C(~,(a),~3(b))
case P of (a,b) = C(=q(a),~5(b))

e(~a(A), ~5(B))

e(~a(A), ~5(B")

case P’ of (a,b) = C(=~q(a),~z(b))

P'is a* 3+ case P’ of (a,b) = C(~,(a),~pz(b))
= case P’ of (a,b)ap = C(a,b)

as wanted. O
We can also show

Lemma 6.1.10 If A is o and B is 3 then

case (A, B) of (a,b)a5 = C(a,b) = C(=4(A),~3(B))
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Lemma 6.1.11 (Minimality of case,.g) If, for all A of type o and B of
type B, pair(P) = (Ra(A),=3(B)) implies C(=q(A),~s(B)) = D then

case P of (a,b)q+3 = C(a,b) = D
Equality on typed pairs is done as is usual: coordinatewise.
Definition 6.1.12 (Equality on Typed Pairs)

d
P=43Q ' case P of (p1,p2) = case Q of (q1,q2) = P1=a @1 AND2=53q2

Lemma 6.1.13 If o and B are equality types, then so is a * [3.

Proof. All properties follow directly from « and 8 being equality types. O

We have up till now not actually defined a constructor for typed pairs,
and instead borrowed the one from basic pairs. Should one want such, and
for completeness, it is defined thus:

Definition 6.1.14

(A, Blars < maus((A,B))

Lemma 6.1.15 (-,-)a.p has type [a, 5] = o x (.

Proof. Straightforward. O

6.2 Lists

We choose to build lists as we built pairs: First we define the so-called basic
lists, that have no type information, and then we use these to define typed
lists.

The basic lists we define will be built using the basic pairs. The strong
representatives will be defined by

[z ) & " oras
1y-++9Lp - <w17[x2’...7(1}‘n]> otherwise

A suitable definition of the type of basic lists is now

Definition 6.2.1 (list)

Lislist % ifnil L then True else case L of (h,t) = (tis list)
~i(D) 2 Lislist — ifnil L then N else case L of (h,t) = (h, ~js(t))
Nl &N
ConsAL % Lislist— (A, ~pe(L))
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This means that, just like a natural number is a term that, when repeatedly
applied to nil, eventually returns nil, so a basic list will be a term that, when
one repeatedly applies fst to it, also returns nil eventually. This similarity
is used in the proof of the next lemma.

Lemma 6.2.2 For all maps A we have (=jist(A)) is list = A is list.

Proof. Completely analogous to the proof of Lemma 5.1.6. O
Lemma 6.2.3 =g (+) is idempotent.

Proof. In showing
~ist(Rist (L)) = ~ist(L)

we might first try to use extentionality directly, as we did in the correspond-
ing lemma for the natural numbers, Lemma 5.1.8. This would require as to
come up with some function C(-,-) such that

(zlist(xlist(A)))‘B = %Iist(zlist(e(‘LLB)))
(mist(A))'B = =yist(C(A, B))

But such a function does not exist: No matter how we define it, the right
hand sides above will be strong basic lists, because of the explicit normal-
izations. The left hand sides, however, when L is not nil and B is, can be
anything.

To use extentionality, and the other proof techniques seem to weak, we
therefore need to be able to “tweak” the return type of the functions in
question, depending on the value of C(+,-). In the present case, we will use
extentionality to prove

. Y . Yy
case A of (z,y) = if = case A of (z,y) = if
(z.9) ! :1:{ ~iist (~list (Y)) (@) ' x{ Riist (Y)
(6.1)

for arbitrary A. The first component is a boolean, dictating whether the
second component should be passed through as the result (allowing us to by-
pass the explicit normalizations), or if the “real” function should be applied.
We now define C(A4, B) by

(True, y‘B)
(True, N)
<%boo| (B), y* (%root(B)»

While this may look horrid, it really isn’t that bad: Assume A = (A', B').
If A’ is true, then the functions from Equation 6.1 just pass B’ through,
and the result of applying B to the result will of course be B”*B. Now, if
A’ is false, the functions return the “real” results, i.e., ~s(~jist(B’)) and

case A of (z,y) = if = y is list — ifnil y {
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~jist(B’). So if B’ is not a list, the results of both will undefined anyway,
and we can utilize the strictness of the functions in Equation 6.1. OK, so
now that B’ can be assumed to be a list, we need to make the distinction
mentioned above: If B’ is nil, then the result of the normalizations will in
any case be nil, so we can just pass it right through. If not, then B’ must be a
pair (H, T, and the result of the original functions will be (H, ~ist(=jist (1))
and (H,~it(T)). Hence, if applied to B, then if B is nil, the result is just
H = BB and if B is a function then the result is, in the second case,
Riist (1) = Riist (B *Az.N).

Once we have set extentionality up with C(+,-) defined as above, the rest
of the proof of Equation 6.1 is tedious but quite straightforward. Having
proved it for all A, we have that it holds especially for A = (False, L), proving
the desired result. O

Lemma 6.2.4 list is a simple type.

Proof. ~jist(+) is clearly strict, and it is idempotent by the previous lemma.
L is list = (=it (L)) is defined follows, as earlier, immediately in one direc-
tion and by minimality (this time of - is list) in the other. O

We can now proceed to prove that Nil is a strong list, and that Cons A -
is total on lists and of the type list = list. Defining the case construct as

Definition 6.2.5

, . - A
case L of Nil = A | Cons ht = C(h,t) = L is list — ifnil L{ case L of (h,t) = C(h, ~iet(£))

We get the usual properties of the case constructs: the correct type, distri-
bution, minimality, etc. In the present case, we naturally have

case Nil of Nil = A | Consht = C(h,t) = A
case (ConsAL) of Nil = A | Consht= C(h,t) = C(A, ~js(L))

We can also prove the following elimination and induction principles. As
with the natural numbers, the induction principle is only defined on terms,
not equalities. The proofs are straightforward.

Lemma 6.2.6 (Elimination of Basic Lists) If
1. =it (C) implies A = B and
2. for all maps H and basic lists T, ~ist(C) = Cons H'T implies A = B

then if C is a basic list, A = B.

Lemma 6.2.7 (Induction on Basic Lists) If
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1. A(Nil) and
2. for all maps H and lists T', A(T) implies A(Cons HT)

then if B is a basic list we have A(~)ist(B)).

When defining normalization of typed lists, we shall use the map func-
tion, defined as usual:

Definition 6.2.8

mapFL % case L of Nil = Nil | Cons z | = Cons (Fz) (map F[)

From this definition, we readily have that map F'- has type list = list.
Further, totatility on list is proven easily by induction. However, proving
the identity

map F'(mapG L) =map (FoG)L

where F'o G = Az.F‘(G‘x), is a problem. It would be an easy task for
induction, but we have no way of translating the equality into a term: list
is not an equality type. Minimality will not be of use showing the < part,
and so we are once more left with extentionality. Using the same technique
as when proving idempotency of ~jist(+), we prove

i y _ . y
case A of (x,y) :>1fx{ map F (map G 1) = case A of (z,y) = 1fa:{

by extentionality, where we this time define C(A, B) as
(True,y'B)
(True, N)

case A of (z,y) = if x
ifnil B {

(True, F*(G*(y‘N)))
(False, y*(=roo0t(B)))

y is list — ifnil y

The proof is, as before, tedious and boring.

Finally, we are able to define the type of typed lists. We do the same as
we did when defining typed pairs: We just normalize the components of the
untyped lists.

Definition 6.2.9 (Typed Lists)

. . d . . . .
Lisalist & case L of Nil = True | Consal = ais a — lis a list

Raisn(D) Z Lisalist — map Az~ (2)) L

We shall not continue the development of typed lists here, but move on
to define the reals in the next chapter.
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Chapter 7

Real Numbers

In this chapter we turn our attention to defining the real numbers, building

on top of the natural numbers. There are several ways of accomplishing this,

and which ever way one chooses, the development up to and including the

rationals, is very straightforward, although quite a bit of work is needed.
The concrete path of formalization that we have chosen is

N = Q0" = Q =R

That is, we shall from the natural numbers define the non-negative rationals,
then the rationals, and finally the reals. As the development contains no
surprises, we shall brush past the non-negative rationals and the rationals.

7.1 Non-Negative Rationals

The non-negative rational % is represented by the pair (A, B). And any pair
(A, B) of natural numbers A and B, where B is not zero, will represent the
non-negative rational %. As strong representatives, we choose the canceled
fractions, i.e., pairs (A, B) where A and B are co-prime.

Definition 7.1.1 (Non-Negative Rationals)

) d
A is nnrat def case A of (n,m)natsnat = M F#nat 0 — True

Rnnrat(A4) def A is nnrat — case A of (n, M)natnat = (N +nat ged(n, M), M +nat ged(n, m))

We can prove that nnrat is a simple type, and setting
CLnnrat(A) = case A of <n7 m>nat*nat = m 7énat 0

we can also prove that it is a classical type.
We will for the non-negative rationals, and later also for the rationals,
opt for explicit deconstructors, rather than a case constructor:
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Definition 7.1.2

num(A) = Aisnnrat — case A of (n,M)natinat = 1

den(A) = Aisnnrat— case A of (n,M)natenat = M

We can then prove that num(-) and den(-) are both of type nnrat = nat
and den(-) is never zero.

The non-negative rational constants zero and one are different from their
natural counterparts. We will therefore subscript the former, and define
them as
Definition 7.1.3
def
Onnrat =

d
st = (1,1)

We can now define

Definition 7.1.4 (Operations on Non-Negative Rationals)

A=pprat B = num(A) Xt den(B) =pat den(A) X o num(B)
Axunat B Z Rporar((num(A) X e num(B), den(A) x pae den(B)))
Atomat B 9 prar(um(A) X nat den(B) +nar den(A) X pay num(B), den(A) xnar den(B)))
A <inrat B def num(A) Xpat den(B) <,,t den(A) Xpat num(B)
A=t B % A <pnrat B Ronvat (Ennrat @B +nnrat € =nnrat A)
(Dot = A anrat Onrat > ~oneae((den(A), num(4)))
A<mat B Y A <nmt BAA#uma B

From these, we can prove that nnrat is an equality type, and a host of
lemmas about the non-negative rationals, that will eventually help us prove
the needed properties of the rationals.

7.2 Rationals

We represent rationals by pairs of non-negative rationals: The positive
rational A is represented by (A,Onpnat) and the negative rational A by
(Onnrat; A).  (Zero is represented by (Opnrat, Onnrat).) Conversely, any pair
of non-negative rationals (A, B) will represent the rational A — B.

Definition 7.2.1 (Rationals)

. d .
Alisrat def A is nnrat * nnrat

def

. — n,0
%nnrat(A) = case A of <p7 n)nnrat*nnrat = if n <pnrat p{ <p nnrat 7% nnrat>

<Onnrat7 TV —nnrat p>
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It is classical type since nnrat is.
The deconstructors are easily defined.

Definition 7.2.2

def
pOS(A) :e case A Of <p, n>nnrat*nnrat = p

def
neg(A) = case A of <p7 n>nnrat*nnrat =N

and both have the type rat = nnrat. With them, we can define

Definition 7.2.3 (Operations on Rationals)

AXt B = ~pat (<pOS(A) X nnrat pOS(B) +nnrat neg(A) X nnrat neg(B),
POS(A) X nnrat Heg(B) +nnrat neg(A) Xnnrat pOS(B)>>
de,
A +rat B :f %rat(<pOS(A) +nnrat pOS(B)a neg(A) +nnrat neg(B)>)
_ e . A) —nnr. neg(A))_l Onnr. t>
Al Yo if neg(A) < os(A { {(pos at nnrat: nnr@
(A et g(A) Sanrar POs(4) (Onnrat, (neg(A) —nnrat pOS(A))nnlrat>
de,
_ratA :f %nnrat(<neg(A)a pOS(A)>)
de
A<t B :f pOS(A) +nnrat neg(B) =nnrat neg(A) +nnrat pOS(B)
A <rat B dZEf A grat B A A7érat B

Again, like the non-negative rationals, we can prove now prove that rat
is an equality type, as well as the fact that the rational numbers constitute
a linearly ordered field.

7.3 Reals

With the rationals formalized, we are ready to model the real numbers. The
choice is traditionally between

1. Dedekind cuts, where real numbers are represented as a pair of sets:
the set of all rationals less than the real number, and the set of rationals
greater or equal to it.

2. Cauchy sequences, where real numbers are expressed as a limit of a
converging sequence of rationals.

While Dedekind cuts are arguably more elegant, they are also inherently
static: There is no direct way of identifying a Dedekind cut with a recurs-
ive procedure. Cauchy sequences, on the other hand, are readily seen as
functions approximating a certain real number.

We therefore choose to represent a real numbers by rational Cauchy
sequences. These will, in turn, be represented by functions from naturals to
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rationals, that is, a real number will be a map that given a natural number n
returns the nth rational in the corresponding Cauchy sequence. Defining a
predicate expressing that a map A represents a Cauchy sequence is standard.
Of several equivalent formulations, we choose

Definition 7.3.1 (Cauchy Sequence)

Cauchy(R) def Vrat €.0rat <rat € —

Fnat 7-Vnat PG-N <pat PA N <pat ¢ —
|R‘(%nat(p)) “rat R‘(%nat(Q)” <rat €

(The normalizations of the arguments of R are to ease later proofs.)

We have Cauchy(A) is undefined if there is a natural number B such
that A‘B is not a rational. If A‘B is rational for natural B then Cauchy(A)
will be true if, relaxing the notation quite a bit, the sequence (A‘B)pen is
a Cauchy sequence, and false otherwise. We therefore define

Definition 7.3.2
R is real def ~itrue(Cauchy (R))

to get a type that includes exactly the rational Cauchy sequences as repres-
entatives.
As for normalization of reals, it is not enough to define ~2 ey (R) as

R is real — Ax.~ (R (Rnat()))

Though while this would make ~2eq(+) strict and idempotent, it does not
identify the sequences

1
Ty = —
n

and
2
Yn = —
n

though they both tend to 0 as n tends to infinity. In general, choosing a
strong representative for the Cauchy sequence (z,)nen is not easy. If the
limit is rational, then one could argue for the constant Cauchy sequence with
this limit being the “best” representative. But if the limit is irrational, no
objective criterion for choosing one sequence over the other presents itself—
at least not one that would allow for singling out one specific sequence as
the sequence.

We shall instead have the choice operator make the choice for us. First,
though, we will define equality between reals:
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Definition 7.3.3 (Equality of Real Numbers)

A=(eal B Y Ais real v B is real
Vrat €.0rat <rat € —
Fnat 7-Vnat p-1 <pat p —
|A“(Rnat(P)) —rat B (=nat(p))] <rat €

The definition should be readily recognizable (bar the normalizations), and
from it we can prove =,y is an equivalence relation on the reals.
We will now define ~2¢,(A) as essentially

EXT.A=real T

However, since not all classical maps represent rationals, not all classical
maps represent reals, and so the choice above will be unspecified. We want
to leave out the classical maps that have non-rational maps in their image
of the classical maps. Using CLyat(+) we can define CLye,(+) by

CLyeal(R) % (Vnat #.CLyat (R (st (2)))) A Cauchy(R)

Since CLyat(+) is defined for all classical maps, then if R is classical, CLyea (R)
will be boolean. It is true exactly when R is a rational Cauchy sequence.
We can now define normalization of reals by

Definition 7.3.4 (Normalization of Reals)

Rreal(R) def Ris real — £2.CLyeq (%) A R=(cal ©

Of course, once we have proved real is a classical type, we can prove
Rreal(R) = Ris real — gpeq . A =(eq 2.)

Lemma 7.3.5 If R is real, then 3x.R =eq .

Proof. From R being real, we can prove Az.~yat(R(~nat())) is classical.
Since R =yeal(AZ.Rrat (R (~nat(x)))) is clear, the conclusion follows. O

As a corollary, we get that if R is real, then R =,c,(®eal(R)). By strictness
of =(ea this implies ~2yeq(R) is real.
We can now prove

Lemma 7.3.6 real is a simple type.

Proof. ~eqi(-) is clearly strict. When proving

Roreal (%real (R)) = real (R)
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we can assume R, and hence also /e, (R), is real. Expanding the definitions,
we are to prove

81"CLreal(x) A (%real(R)) =real T = 6l‘-CLreaI(l') AR =real T

It will suffice to prove (=eal(R)) =real A = R =(eal A assuming A is classical

and CLyea(A), where CLyey(A) further implies A is real. The wanted now
follows by transitivity of =e,.

Finally, we need to prove R is real = (=eq(R)) is defined. “=—": From

R real we have &, (R) real, and therefore also defined. “<=": Immediate.

]

We can prove

Lemma 7.3.7 = has type [real, real] = bool.

and

Lemma 7.3.8 Cauchy(-) has quasi-type real = bool.
We also have

Lemma 7.3.9 real is a classical type.

Proof. We have only to prove CLyea(~eal(R)) for all real R; The rest of the
properties are either immediate or have been argued. The proof relies on
the previous lemma and that Cauchy(R) implies Vpat z.(R‘~nat () is rat)
for all R. O

Lemma 7.3.10 real is an equality type.

Proof. =ea) has the correct type. Totality and reflexivity have already been
proved, so we just need to prove reflection: Assuming A =, B, we need to
prove Rreal(A) = Rreal(B). The proof is similar to the proof of idempotency
in Lemma 7.3.6. U

As examples of how we define real numbers and operations on them, here
are the definitions of the constant zero and the addition and multiplication
operations:

def
Oreal = %real()\n-orat)
At B & Aisreal — Bis real — ~eai (M.(AD +1at BD))
A Xyeal B 2 Ais real — B is real — Rreal (AN (AN Xyt B'n))

To make sure that 0, denotes the strong representative of zero, we need
to explicitly normalize An.O,, which is clearly a representative of zero.

This concludes our treatment of the real numbers. The proof that the
reals just defined are actually “the” real numbers, e.g., that they have the
supremum property, should be standard. But we have not proved it, for lack
of time.
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Chapter 8

Implementation

In this chapter I will describe the implementation work I have done. All
results and lemmas mentioned in the previous six chapters have been form-
alized with the developed system, except:

Classical types These were added after the implementation work was frozen.

Real numbers For it to feasible to implement the real numbers, much
more proof assistance is needed than what I have at the moment.

Typed lists Like the classical types, these were added after the implement-
ation work was done.

On the other hand, this means that the following has been implemented:

Set theory Using the formalization found in Grue [Gru01] a model of ZFC
set theory has been proved correct from first principles.

Elementary number theory At least enough of it to prove non-trivial
lemmas on greatest common divisors and co-primality, which is used
in the formalization of the rational numbers.

Rational numbers The rational numbers have been implemented, and we
have proved them to be a linearly ordered field.

The implementation is rather large (the source code is about 575 kilobytes),
and I have therefore not included it in this thesis. At the time of writing,
the implementation can, however, be downloaded from my home page, at

http://www.diku.dk/users/skalberg/phd/

Details on how to build the system can also be found there.

Since it has been done in Isabelle, I will first give a (very) brief in-
troduction to Isabelle, and then show part of the initial definitions in my
implementation. I then describe how the generic Isabelle tools have been
instantiated, or in some cases modified, to help in the construction of proofs
in map theory. Finally, I will give an assessment of the implemented system.
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8.1 Isabelle

Isabelle is a generic theorem prover, that is, it has has been designed as a
logical framework, in which a host of different logics can be embedded. Since
some traits are common to several logics, some proof techniques and prin-
ciples are usable, with little or no modification, by several logics. Isabelle
has a number of such tools already implemented, and new logic implement-
ations can utilize these tools if their logic has the properties needed. For
example, Isabelle has a generic rewriter which any logic, with a concept of
equality and general observational equivalence, can use.

When defining a new logic in Isabelle, one most first choose a parent
logic, to which one adds new types, constants, and axioms. The primitive
logic in Isabelle, in Isabelle parlance: the Pure logic, is quite simply the im-
plicative fragment of intuitionistic higher order logic. For ordinary use, this
firstly means that all terms are typed. Secondly, terms are basically higher
order: they can be functions. And, thirdly, we have universal quantification
(A\), implication (=), and equality (=).

As an example, the axiom of symmetry reads

/\AB. A=B = B=A

where A and B are of some type «, and = is of type [a, a] = prop, where
prop is the type of propositions. Since all terms are implicitly quantified
over, the rule above will normally just be written

A=B — B=A

Note that A = B, on the outset, does not mean that A and B are equivalent.
It means that they are equal, indistinguishable. If we have proved A = B
(or defined them so), then we can replace A by B in any theorem, anywhere.
Obtaining an equality A = B can only be done in three ways:

Definition This is the means by which we can extend a logic.
Rewriting Repeatedly substituting equals for equals.

Equivalence If A and B are propositions, i.e., if they are of type prop,
then we may infer A = B from A = B and B = A.

In the Pure logic, term application is denoted by juxtaposition, i.e., the term
PAB

is the term P applied to A, and then to the term B. If A is of type o and B
is of type (3, then P must be of type o = 3 = =, for some (possibly higher
order) type 7. Whereas we have, in the rest of the thesis, made a distinction
between maps and contexts, in higher order logic a context is just a higher
order term.

82



8.1.1 An Example

The Pure logic essentially only allows one to reason about syntax, and is the
underlying logic for all logics implemented in Isabelle. First Order Logic,
for example, can be “implemented” in Isabelle by stipulating the existence
of types D and o (for the domain and booleans), and the constants

Trueprop : ©0 = prop
false @ o
- 1 0=o0
A i fo,0] = o0
V =@ (D=0)=o0

together with (among other) the axioms
[A;B] = AAB

ANB= A
ANB= B
(/\xPx) = Vz.Pz
Ve.Px = PA

The constant Trueprop is a coercion function from o to prop, and will
normally be used implicitly whenever a term of type o is found when a
proposition was expected. As for example in the first axiom: With explicit
mention of the Trueprop constant, this reads

[Trueprop A; Trueprop B] = Trueprop (A A B)
With full quantifiers, too, we get
/\ A B. [Trueprop A; Trueprop B] = Trueprop (A A B)

Instead of a coercion function we could have used prop instead of intro-
ducing the o type. However, this would collapse the meta-level (the Pure
logic) and the object-level (First Order Logic), and we could have expres-
sions like =(A = B), i.e., we could negate meta-level equalities. Introducing
the o type keeps the distinction.

The quantifier rules are a nice example of the convenience of higher order
syntax:

(/\ x.Px) = Vz.Px

First, we have used the usual notation Vz.P x, but it is in fact the term
V(Ax.Pz) we have written, where the A-abstraction is that of the Pure
logic.
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The axiom says that if we can prove P A for all terms A of type D, then
we can conclude Vz. P z (rightly, we conclude Trueprop (Va.P x)). And this
holds (implicitly) for all terms P of the type D = o. There is no need for
any side condition, expressing that x is not free in the assumptions.

We hope that this very brief example has given enough intuition to un-
derstand the overall concepts of Isabelle. If not, the introduction to Isabelle
that is provided with the system [Pau98a| is very readable.

8.2 Initial Development

We have implemented map theory as an extension of the Pure logic of Isa-
belle. Since map theory is mono-typed, we only need to add a single type
for the terms of map theory, which we shall call map.

typedecl map

Next, we need to setup equality. This is done in three steps: First we
need a new type, equality, since this is a new syntactic group.

typedecl equality
Then we tell Isabelle that equalities can be thought of as propositions.

judgment
Trueprop :: "equality => prop" ("(_)" 5)

And lastly, we introduce the equality symbol.

consts
"op =" :: "[map, map] => equality" ("(_ =/ _)" [10,10] 5)

This declares = as an operator of type [map,map] = equality. The blob at
the end of the line, between the parentheses, is printing/parsing information,
and not relevant at this point.

We now introduce the core syntax of map theory. These constants will
have no definitions: Their behavior will be dictated by the axioms only.

consts
Nil :: map ("N"™)
Lambda :: "(map => map) => map" (binder "LAM " 10)
Apply :: "[map, map] => map" (infixl "‘" 200)
IfNil :: "[map,map,map]l=>map" ("IfNil _ _ _" [10,10,10] 10)
Eps :: "(map => map) => map" (binder "SOME " 10)
PureEx :: "(map => map) => map" (binder "PEX " 10)
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These should be self-explanatory, except that for the pure existence oper-
ator (PureEx above), which is used in the definition of classicality. Isabelle
uses the syntax A\z.A x for constructing higher order terms, so we must use
LAMz.A z for our purposes. Finally, the syntax for the ifnil constructor is
IfNil A B C.

Next, we define L. We declare a constant, Bot, and then define it. (==
is the ASCII version of =, just as !! and ==> are those of A\ and =,
respectively.)

consts
Bot :: map
defs
bot_def: "Bot == (LAM x. x ¢ x) ¢ (LAM x. x ¢ x)"

Adding the axioms to the system is easy as pie:

axioms
ifnil_nil : "IfNil N B C = B"
ifnil_lambda: "IfNil (Lambda A) B C = C"
ifnil_bot : "IfNil Bot B C = Bot"
trans’ :"A=B==>A=C==>B-=2¢C"
apply_nil : "N ¢ B =N"
apply_lambda: "(Lambda A) ¢ B = A B"
apply_bot : "Bot ¢ B = Bot"

The ifnil lambda axiom might be expected to look like

ifnil_lambda: "IfNil (LAM x. A x) BC = C"

but this is too restrictive: Syntactically, LAM x. A x isshort for Lambda (%x.

(where % is the ASCII version of A), but the term LAM y. R x yisequivalent
to Lambda (R x) by n-contraction.
The axiom expressing Quartum Non Datur is expressed as

axioms
gnd: "[| SN ; S (LAMy. x “ y) ; S Bot [] ==>8 x"

Again, one might have expected a different version:

gnd: "[| AN=BN
; A (LAMy. x “y) =B (LAMy. x ‘ y)
; A Bot = B Bot
] ==> A x =B x"

Again, the reason is the syntactic nature of terms: If we use the second
formulation, only equalities that are syntactically on the form A = B will
be matched by the conclusion of the last formulation. But we have equalities
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that are not of that form, for example A < B which is short for the equality
A=A B.

The next set of declarations allow us to express the left and right hand
side of equalities, even when they do not include an explicit equality sign.
The soundness of the introduced axioms follows from the fact that all ex-
pressions of type equality is, when all definitions are unfolded, on the form
A=B.

consts
LHS :: "equality => map"
RHS :: "equality => map"
axioms

eq_lhs: "LHS (A = B) == A"
eq_rhs: "RHS (A = B) == B"
eq_lr : "LHS S = RHS S == S"

Besides <, non-monotonic implication is another construct, besides equal-
ity itself, that is of type equality:

consts
"op |>" :: "map => equality => equality" ("_ [|> _" [10,0] 5)
defs
nmimp_def: "A [> S == if A then LHS S else Bot =
if A then RHS S else Bot"

The deduction and substitution theorems are not provable within map
theory. Consequently we must include them as axioms, if we are to use them
in our system

axioms
nmimpI: "(A ==> 8) ==> (A |> S)"
eq_reflection: "A = B ==> A == B"

Finally, the convention of just writing A for the equality A = True needs
to be introduced. Analogous to Trueprop we introduce Truemap as a coer-
cion function from map to equality.

consts
Truemap :: "map => equality"
defs
truemap_def: "Truemap A == A = True"

syntax ("" output)
Truemap :: "map => equality" ("(_)")
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The introduction of Truemap is unfortunately not a painless one: Because
of the inner workings of Isabelle, while we can do our own parsing of terms
in order to do fancy parsing/printing operations, we do not have access to
the types of the terms being parsed. Consequently, we have been forced to
add the coercion at type checking time, which is in the kernel of Isabelle.

8.3 Tools

Should some of the following be complete gibberish, it will hopefully be
somewhat clearer after reading the relevant parts of the Isabelle document-
ation [Pau98b].

8.3.1 Formalizing the Types

The perhaps central concept of the preceding chapters has been that of a
type: simple, classical, and equality. When looking at, for example, equality
on typed pairs, we see that we need to be able to pass types around within
the logic. Since the only way of doing this is by having types be represented
as terms, this is what I have done. At the time of implementation, the
classical type concept was not fully developed, and so I have only formalized
the simple and equality types. I have utilized the equality

Alis a = =, (A) is defined
for compactness, and hence the type « is represented by the term
(Ar.~q (), \ey.x =4 y)

In the Pure logic, it is not possible to define a proposition capturing con-
junction, and so we cannot write the requirements for even a simple type
as a single proposition. Consequently, we must axiomatize the properties.
Concretely, we use the following constants when dealing with types:

consts
Norm :: "[map,map] => map" ("norm[_] _" [50,50] 50)
Is :: "[map,map] => map" ("_ is _" [60,60] 60)
Eq :: "[map,map,map] => map" ("_ =[_] _" [50,10,50] 50)
STYPE :: "map => equality"
EQTYPE :: "map => equality"

The three first constants are, of course, the normalization, type membership,
and equality functions for types. The expression STYPE A is intended to be
true when A represents a simple type. For technical reasons,! we need the

!To be able to use conditional rewrite rules where expressions like STYPE A occur in
the premises, these need to be equalities.
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return type of STYPE to be equality. The function EQTYPE analogously
captures the equality types.
The properties STYPE must have are captured in the following axioms

axioms stypel [intro]l: "[|
'1x. norm[t] (norm[t] x) = norm[t] x ;
norm[t] Bot = Bot
|] ==> STYPE t"

axioms
norm_idem [simp]: "STYPE t ==> norm[t] (norm[t] x) = norm[t] x"
norm_strict [simp]:" STYPE t ==> norm[t] Bot = Bot"

The first is for introducing the expression STYPE A, and the last two are for
taking them apart again.
Equality types are formalized in a similar way:

axioms eqtypel [intro]: "[I
STYPE t ;
Mxy. [ xist ; yis t |] ==> (x =[t] y) is bool ;
Ix, x is t ==> x =[t] x ;
I''x y. x =[t] y ==> norm[t] x = norm[t] y |] ==> EQTYPE t"

axioms
eqtype_imp_stype: "EQTYPE t ==> STYPE t"

eqtypeTI: "EQTYPE t ==> [| x is t ; y is t |]
==> (x =[t] y) is bool"

eqtype_refl: "[| x is t ; EQTYPE t |] ==> x =[t] x"

type_eq_to_obj_eq: "[| x =[t] y ; EQTYPE t |]
==> norm[t] x = norm[t] y"

The normalization function, as well as the type membership function,
are defined in a straightforward manner:

defs
norm_def: "norm[t] x == (¢t ¢ N) ¢ x"
is_def: "x is t == JfNil norm[t] x True True"

The equality predicate is a bit more complicated: We have explicitly
added normalization of its arguments, as well ensured that it is strict. The
explanation will follow in the next section.

defs
eq.def: "x =[t]l y ==xist |[->yis t |[->
norm[bool] ((t ¢ (LAM x y. N)) ¢ (norm[t] x) ¢ (norm[t] y))"
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8.3.2 The Simplifier

The main proof tool of Isabelle is its rewriting system, called “the simplifier”
in Isabelle parlance. It works by rewriting term using (possibly conditional)
meta-level rewrite rules, i.e., rules with conclusions on the form A = B.
Since one would normally like to use (object-level) equalities of the form
A = B as rewrite rules, the simplifier will, provided with a rule

A=B =— A=B

deduce meta-level rewrite rules from object-level rules.

Since this is just the substitution lemma (axiom eq_reflection above),
we can easily configure the simplifier to get some work done.

We do have one problem: In the context of types, we might well have
rewrite rules on the from

but we want them to rewrite the term F(A) to F(B) when F has type a = (.
As a concrete example, we would like to rewrite = A to true when we have
proved Rpoo(A) = False. However, the simplifier can, a priori, only use it to
replace sub term of the form ~pe0(A) with the term False, and so will find
no rewriting possibilities in —A.

A first attempt is to prove

xbooI(A) = A, - —-A= _‘A/ (81)

But this may, by using reflexivity on the premise, lead to an infinite rewriting
series:

—A = ﬁ(%bool(A)) = ﬁ(%bool(%bool(A))) =

The next attempt is to use congruence rules: These are special rules that
allow the user of the simplifier to guide its rewriting algorithm. A couple of
examples might be the best way to illustrate the concept.

Congruence Rules

Normally, unless told otherwise, the simplifier will try to rewrite any sub
term of the concrete term it is supplied. It rewrite terms top-down, so first
it will try to find a rewrite rule where the left hand side matches the entire
term. If this fails, it will try each of the immediate sub terms, then their
sub terms, and so on till it has tried everything.

The congruence rule

P =P — if P then Relse S = if P’ then R else S.

tells the simplifier to not rewrite the branches of conditionals.
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The congruence rule
[P=P;P = R=R;-P = S =5]=if Pthen Relse S = if P’ then R else S'.

tells the simplifier to first rewrite the term P, calling the result P’. Then,
assuming P’ is true, it may rewrite R, calling the result R’, and finally,
assuming =P’ is true, it may rewrite S to S’. (This rule is, of course, the
strong congruence rule of if.) The neat thing about adding congruence
rules to the simplifier is that the simplifier checks if they actually rewrite
anything. This means that using Equation 8.1 as a congruence rule can
not lead to infinite rewriting. But it will rewrite = A to =(Rpool(4)), in the
absence of any rewrite rules matching the A in question.

This is because it “rewrites” &pe0)(A) to itself, so the A’ in the congru-
ence rule is instantiated as ~pooi(A) and the rewrite rule = A = —~po01(A) is
applied. When rewriting the new term —=spo0/(A), the A in the congruence
rule is instantiated to Rpeei(A), and so the congruence rule tries to rewrite
Rbool (Rbool (A)). Using idempotency, the result is Rpooi(A), and the rewrite
rule induced by the congruence rule becomes ~pool(A) = ~pool(A). The
simplifier sees that this will have no effect, and discards the rule.

The final attempt, and the one I've used in my implementation, is the
congruence rule

%bool(A) == zbool(A/) = A= ﬁfll (82)

However, this does not immediately work. To understand why, one must
first know a bit more about the way the simplifier actually uses congruence
rules: Given a congruence rule like the one in Equation 8.3.2, it starts by
instantiating the terms P, ), and R with the terms actually found in the
term it is trying to simplify. It then first simplifies P = P’. Since P’ is
not yet instantiated, no simplification can occur on it, and the result of
this simplification will be some equality P, = P’, where P, is the result of
simplifying P. Now the subgoaler is called in to solve this equation. The
standard one uses reflexivity, and thus P’ is instantiated to P,.. Now, the
simplifier tries to simplify the premise P’ = S = S’ (where only the term
S’ is uninstantiated), and the process repeats itself.

The problem with our new congruence rule is this: If the A in —A is
already a strong boolean, the simplifier will rewrite /Rpoo1(A) to just A, and
the subgoaler will now try to solve the equation A = Rpee(A’) by reflexivity.
This fails since the constant &, is only found on the right hand side of
the equation.

The subgoaler used in the implementation of map theory studies the
premises of the congruence rules before they are handed to the simplifier. If
the simplifier removes an explicit normalization in front of the left hand side,
the subgoaler will explicitly add one back, avoiding the problem explained
above.
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Regarding the simplifier, for each function F of (quasi-)type [a1, . .., an] =
08, we add the congruence rule

[~a, (A1) = %oq(A/l); C ™, (An) = %an(A;L)]] = F(A1,..., An) = F( /17 e

as well as the rewrite rule
z3(37(1415 s aAn)) = ?(Al, ... 7An)

(Strictness is taken care of by the classical reasoner, as explained in the
next section.) This works for all (quasi-)typed functions, but the equality
functions for types need special care.

If we changed the formalization of equality types, so that one must prove
that

[Ra(A) = ~a(A);ma(B) = =a(B')] = (A=4B) = (A'=.B')  (8.3)
in order to prove « is an equality type, then we would have the rule
[EQTYPE ; ~(A) = 4 (A"); =0 (B) = =o(B')] = (A=, B) = (A’ =, B)

But we can not use this rule as a congruence rule, since the simplifier will
only accept rules where the conclusions of all the premises are equalities, as
congruence rules. Hence, to have a congruence rule for typed equality, the
rule in Equation 8.3 must be valid. By explicitly normalizing the arguments
in the definition of Eq, this is accomplished.

8.3.3 The Classical Reasoner

Apart from the simplifier, the classical reasoner of Isabelle is a proof tool
for searching through the proof space, by encoding the current proof state
in the style of the sequent calculus. The sequent

Ay---A,F By--- B,
can be encoded as the proof state
[[Al o Apm By _‘Bn—l]] = B,

and vice versa. To work on a proof state as though it was a sequent, we
need to swap a negated premise with the conclusion: The proof state

[[Al -+ Ap—Bg - —\Bn]] — B

is just a valid representation of the sequent above as the other proof state.
The classical reasoner therefore requires that the so-called swap rule be
valid:
[-P;-Q = P]=Q

91

)

A/

n

)



However, this is not valid in map theory: If @ is undefined, the second
premise is vacuously true, and we are left =P = |, for all P. The closest
we can get is

[-P;—-Q = P;Q is bool]| = @

However, this suddenly introduces a lot of type constraints into the classical
reasoner, and they need to be taken care of. To this end, I have implemented
a proof procedure that extracts type information from the premises of a proof
state, and tries to use it to prove a type constraint in the conclusion.

For the proof procedure to work, one needs to feed it with type intro-
duction and elimination rules. For example, for conjunction, we have the
elimination rule

[A A B is bool; [A is bool; B is bool] = R] = R (8.4)
and the introduction rule
[A is bool; B is bool] = A A B is bool (8.5)

Adding these rules, and the equivalents of the rules found in Lemma 3.1.4, al-
lows for the automatic proof of theorems like A V B is bool =—> A A B is bool
(and much more complicated cases, I might add).

8.4 Assessment

The implemented system is in need of several improvements. Most notably,
it has become clear that it very inconvenient to have the simplifier and the
classical reasoner (almost) completely separated: They both need all the
type information they can get, so much is at the moment provided twice:
Once to the simplifier and once to the classical reasoner. The type rules
for conjunction are, for example, added to the classical reasoner in the form
Equations 8.4 and 8.5, as well as to the simplifier in the form

A A B is bool = A is bool A B is bool

Much other information is also supplied twice.

What is needed is a central proof procedure that will prove type con-
straints for the classical reasoner, and likewise rewrite terms on the form
Ais « for the simplifier. This proof procedure should be part of a larger
type package, that allowed for declaration of (at least) primitive recursive
definitions. From these, a non-recursive definition should be given, and the
usual type rules should be proved automatically.

A somewhat more longterm project is to have the simplifier use type
information directly, and not need to be guided by congruence rules. This
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is no trivial task, while the workhorse of the simplifier is the so-called meta-
simplifier, which is part of the kernel of Isabelle. Thus, a completely new
simplifier would have to be written, from scratch, outside the kernel.

On a much minor level, there are several small annoyances with the
Isabelle system as it is right now. One is of course the problem of not
having type information ready when parsing terms, resulting in the ugly
Truemap hack mentioned earlier. Since this would require a complete rewrite
of Isabelle, as I'm told, this will probably not happen in the immediate
future. And, anyway, there is a hack.

A more protrusive problem is that one can not remove syntax once in-
troduced. In the absence of types, this is grossly irritating: It would be
very nice to use +, X, and so on, for addition and multiplication on natural
numbers in one context, and for reals in another. As it is, we must append
the type explicitly, and so write, e.g., +nat for addition of natural numbers.
As with the type/parsing problem, being able to remove syntax would also
require a complete rewrite of Isabelle. Again, it does not seem likely to
happen any time soon.

Finally, there are of course a number of minor grievances, as there must
be for a single user of a general purpose system.
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Chapter 9

Conclusion

The original thesis of this work was, as stated in the introduction

A proof system with map theory as its foundation will allow for
shorter and more intuitive proofs than present proof systems.

Whatever we say, we can not say that the thesis has been verified. Apart
from the development of set theory, all the concepts that have been formal-
ized have been well within the capabilities of Higher Order Logic and other
logics used in formal verification. The implementation in map theory has
therefore, once the types have been defined, been almost the same as it
would be in any other used in formal verification. Certainly, because our
system has nowhere near as much automation as Isabelle/HOL, proofs in
our system may seem much more sluggish than the small, neat proofs one
often finds when looking through the source code of Isabelle/HOL. However,
we can almost syntactically copy the theorems and lemmas of Isabelle/HOL,
and with a bit more manual guidance, we get through with essentially the
same proof. Our proofs on Euclid’s algorithm for finding greatest common
divisors, for example, is almost verbatim copied from the Isabelle/HOL im-
plementation.

We can not say that the thesis has been refuted. If anything, it looks
like, with the same amount of automation as the other systems, we can have
a system that is of at least comparable complexity. But until we have the
real numbers, with decision procedures and heuristics to boot, we shall not
be able to compete with, say, Higher Order Logic on verification of floating
point hardware. An area where map theory might one day really prove its
worth.

9.1 Future Work

There are several directions one could take from here. Some are intercon-
nected, others orthogonal to each other.
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First, as mentioned in the last chapter, the actual Isabelle implement-
ation could easily be improved upon: The types of map theory should
be integrated into both the simplifier and the classical reasoner. A
package for handling recursive definitions would also be nice.

A better understanding of how to implement recursive, abstract data
types in map theory would be valuable. The implementation of basic
lists works, as such, but it is unsatisfactory that we need to use ex-
tensionality to prove comparably simple equalities. At least a more
systematic approach to showing these equalities using extensionality
should attainable.

The real numbers should be formalized in the system. This would
probably demand the porting of Isabelle/HOL’s arithmetic decision
procedure, or equivalent.

A bit simpler, perhaps, is defining the type of typed sets, i.e., define a
type constructor («) set, such that, for example, (nat) set is the type
of sets of natural numbers.

Many tricks are used in order to get around non-classical represent-
atives of types. It might be interesting to experiment with defining
types completely included in the classical maps.

A very ambitious project, but all the more rewarding, is to embed
Higher Order Logic in map theory. If the type concept of map theory
is able, or can be modified in order to be able to model the types of
Higher Order Logic, it might—in due time—be possible to port proofs
from Higher Order Logic into map theory in a “natural” way. Gaining
access to the vast amount of work done in Higher Order Logic would,
in any case, be extremely valuable.
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